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Dear students,

Students need the best teacher, so you need examples,
because examples are the best teacher. This is thus, a book
of examples. All the examples here are fully worked, and
explain how the basic but essential tools in math are made,
together with what they are, how they work, and how to
work with them. Such tools include numbers, formulas,
identities, equations, laws, etc.

Doing math, we work with ideas and run ideas, because
every thing in math is an idea. What idea though?

It's a concept. So we need to understand it if we want to use
it. A number is an idea, for instance, and the same is true for
a line or circle, too. And putting ideas together, we can build
another, which becomes the base or an element of another,
and each is connected. And that’s the way your math grows.

So you get to build a circuit, and sometimes, need to fill the
gap or repair the circuit so that you can get the sense of it.
Your calculation thus, runs properly, and gets to the solution.



Getting the concept doing good examples, and gaining the
fluency doing right examples, you can build the circuit strong.

This book is however, nothing but a bunch of examples until
you get it powered. How then to get it powered, and make it
run and work for you?

Read it closely at your pace, and then, do each example
yourself. It is quite important to note that you do it in your
own writing. Just watching someone doing it, you just only
feel that you can do it, too, but can hardly do it when you
need it. You do it, you get it. And you've got to do it over
with different examples. It’s a cliché, of course, but is always
true that knowing is one thing and doing is another.

I've been helping students get conceptual understanding
and fluency so that they can grow, take care of, and run
their own math. The area covers the basics in algebra and
geometry, and includes equations for unknowns and those
for curves, functions and their graphs, and other math tools,
which are the basic elements in calculus, which’s been the
core of my interest from my early age in high school.



Of my students, some are quite poor in math, and thus, are
afraid of or even hate math, some require special education
because of exceptional intelligence, some are smart enough,
some are naive and diligent, and many are clever but lazy.
All the students are badly after though, one thing in common.

A Strong Foundation in Algebra

It is of course, the prime objective of my work, and I'm
always happy and eager to help them achieve it. | can only
help though. Your math grows as much as you grow and
take care of it yourself. So does mine. What math then do
students most often do or use in high schools or colleges?

Algebra and geometry. What algebra then?

Elementary algebra, of course. Doing the algebra, you
should be able to not only work with, but manipulate, that is,
change, alter, and convert math expressions the way you
want, so for instance, you can break apart and factor
polynomials in many kinds. Also, you can handle properly
ratios and rates, trigonometry, factors or divisors, constants
and variables, powers and logarithms or exponents,
equations and functions, along with their graphs, equalities
and inequalities, identities and formulas, laws and rules, etc.



And if you want to handle them properly, you want to know
their natures and how they mingle with each other.

So studying those stated above, you want to know what
they are, how they work, and how to work with them or
what to do with them. What then about the geometry?

Basically, the geometry is about shapes, and has much to
do with positions and angles in algebra. Why algebra?

You often need to compute lengths, areas, or volumes in
many situations. The shapes begin with points, lines,
triangles, and circles, and move on to rectangles, squares,
parallelograms or rhombuses, trapezoids, tetragons, other
polygons as pentagons, polyhedrons as hexahedrons, etc.

Doing the geometry, too, we need to do the algebra stated
above such as trigonometry. So it is analytic geometry, often
called coordinate geometry, too. And doing it, we can
specify positions using coordinates. So in that geometry,
basically, we work with graphs. Putting a math idea in a
graph, we can not only effectively think about it, but actually
see it, too, and therefore, can not just easily, but efficiently
work with it, too. What idea then is it?



The idea begins with a point, a line, a parabola, a circle, an
ellipse, and a hyperbola, called a conic section or basic
curve, and then, moves on to other curves, planes, surfaces,
volumes, and other objects in various dimensional spaces,
together with vectors. And using an angle, we can specify
and work with an amount of turning or change in direction.

So learning, using, or applying those ideas or tools in math,
we get to solve problems. And this book can help. It can
help you build and run your own math engine in your brain,
and thus, can help achieve your solid math skill.

It is however, not a magic book giving you a math skill of
high caliber overnight. And it’s just a book of examples, and
can have many mistakes. I'm a human, too. There’s no mojo
making a math genius, and math is science, and is full of
facts and ideas. And it is after all, not me, not your teacher,
and not any book but you who actually make you put
together some of those facts and ideas, and understand it.

Putting facts and ideas together, understanding it, and
taking care of what you have learned doing examples, you
grow your math. And this book is ready to help and can help
you help yourself.



Solving a problem, we put it many different ways. For
instance, while expanding or reducing it, or modifying or
converting it, we keep searching for the solution, keep
approaching the solution, and eventually, can get there.

It is often the case a problem itself is the solution. We can
put a problem in many different ways, and eventually, can
end up with the solution. How come then is the solution no
other than the problem?

For instance, the solution to 3232 =+ 101 is 32. And we can
put it this way:

, _ 3232 _32x101_32_ . _
3232 - 101= 01= 101 =1 =32 = 3232 + 101 = 32.

And we can get this, too: 32 = 3232 =~ 101. How?

_32_32x101_3232 _ _ .
32= = 101 — 101° 3232/101 = 3232 + 101.

Too easy?

For another instance, the solution to ax? + bx + ¢ =0 is

_ —b++/b* —4ac
2a
How come then is the solution no other than the problem?

X , Which is called the quadratic formula.



We can put it this way:

_h4+Alh —
X = bENb” —4ac :>2ax=—bi\/b2—4ac

2a
= 2ax + b =2\b* —dac = Qax+b)’ = b’ dac

= 4a’x* + dabx + b* = b* — 4ac = 4a*x* + dabx = —dac

=Saxt+bx=-c=ax*+bx+c=0.

And we can get this, too:

, —b+~b* —4ac
ax"+bx+c=0 = x= How?
2a
ax’ + bx + ¢ = a(x* + éx)+c=a(x2+ —x+ b — b )+c
a a 4a’ 4a*
, b b b b, b*—4ac
=ax"+ —x+ —) - te=ax+ —)'— —— =0
a 4a 4a 2a 4a
,  b*—4dac b, b*—4ac
=Sax+ —)Y= ——— = x+ —) = —
2a 4a 2a 4a
b b* —4ac b \b*—4dac
=Xt — = H|——— Sx=- +
2a 4a 2a 2a
—b+~b* —4ac —b £\ b* —4dac




So when solving a problem, we expand or reduce it, modify
or convert it, and keep searching for and approaching the
solution. Then eventually, we can get there. What then do
we do when doing the set of processes above?

We do algebra. You need a strong foundation in algebra.
So if a problem is well defined, that is, if it makes sense, we
should be able to get it solved the way as follows.

A problem = ... = ... = the solution,

and thus, the problem = the solution.

So solving a problem, we put it many different ways so that
we can get to the solution. And that's the way math runs.

Many more examples are available for free, and you can get
them downloaded at www.runmath.com. So visit the
website, get them downloaded, and do the examples. The
website is getting updated weekly or monthly.

May your math run very well.

Seong R. Kim
B.S. Math. Michigan Tech. Univ. M.S. Math. Rensselaer Polytechnic Institute
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What is a line?

o. What is a line?

-

—

A line in math is in a plane, is of infinite length,
and is a set of points,
where every segment from one point to another is straight,
and has the same slope,
which is called the slope of the line.
And each segment is called a line segment, of course.

So in short, we can put a line the way as follows.
Every segment from one point to another in a line
shares the same slope as the line has.
And we can put the same this way, too:
No matter what two points we may choose in a line,
the slope of the segment between the two is constant,
that is, the same, and is the slope of the line.

So what is a line about?

It is about a slope.
Saying thus, a line in math, we can even say that we mean a slope.



Note: In this book, just saying geometry, we mean analytic geometry, often called
coordinate geometry, too, and in geometry analytic, we put in a graph an object as a line,
circle, triangle, etc., and study the object.

A line in math is a geometric object, and in geometry analytic, we put it in a graph.
Putting an object in a graph, we graph it or make the graph of it.

Ordinarily, a straight line is simply called a line, and a curved line is just called a curve.
In math however, either curved or not, a line can be called a curve, too.

So a curve in a graph can be a line, parabola, circle, ellipse, hyperbola, etc.

And we have another object that looks like a line, but is not a line.
We can get it cutting a line. And it is called a ray or a half-line.

So we can make two different cuts in a line. One is a ray, and the other is a line segment.

A line segment has a length finite, but the length of a line or a ray is infinite. A ray is
said to grow one way, but a line is said to grow two ways.

A ray begins with a point, and grows forever in one way only.

A line begins with a point, too, but grows forever in two ways, opposite of each other.

Fig. 0 lines Fig. 1 rays \

How can we get a line?

A line is one of conic sections, often just called conics.

So it is a conic, and if cutting with a plane two right cones meeting at their vertices, we
can get a cross section called a line. So it’s a conic section, just called a conic, too.

What is a right cone though?



What is a line? 3

If a cone is a right cone, the line connecting the vertex of the cone and the center of the
base is perpendicular to the base, and thus, makes a right angle (90°) with the base.
And the line stated above is called the axis of the cone. And in the study of conics, such
a right cone is made or generated the way as follows.

First, take a line as the axis of the cone to be made.
Next, make another line meet the axis of the cone at a point at an angle y, which is an
acute angle, that is, 0 <y < 90°.

Fig. 2 »

> ~
-

e " the axis of the cone
the generator of the cone
" the vertex

Then, we call the other line the generator of the cone, and the point where the generator
of the cone meets the axis of the cone is the vertex of the cone.

So the vertex of the cone is the point where the generator meets the axis of the cone.
And in the figure above, the angle y is called the generator angle.

Then, rotating the generator around the axis fixing the generator at the vertex, we get a
double-cone as shown in Fig. 3.

Fig. 3 the axis of the cone
\"":‘, the generator of the cone
the vertex -~
0 <y <90° vy is the generator angle

And note that the generator and the axis are lines, and lines have infinite lengths, so the
lengths of the cones are infinite, too. So we cannot show them all. Showing thus, such a
cone or a curve in math, we just show some part of it.



How then can we get a line cutting the cone with a plane?

Fig. 4

In the figure above, the cross sections in black are lines. So if a is the angle between the
plane and the axis of the cone, and 0 < o <y, and if the plane includes the vertex, the
cross section is a pair of lines meeting at the vertex. And if the plane is tangent to the
cone’s side (called the generator of the cone, too), that is, if a is y, only one line gets
made as shown on the left in the figure above, and the line made is in fact, the generator
of the cone.

What if a plane cuts through one cone only?

Then, if the plane includes the vertex, and 0 < o <7y, we get two rays emitting from the
vertex. And if the plane is tangent to the side of the cone, that is, if a is vy, only one ray
gets created, and is emitting from the vertex. What then about a line segment?

It is a part of a line, and has a finite length. In math, saying a line segment, we mean a
straight line segment, and a distance means a length of a line segment.

So for instance, we indicate a distance between two points by means of the length of the
line segment connecting the two points.

What then about a segment cut from a curved line?

It can be called a curved line segment. What then is an arc?



What is a line? 5

It is a part of a circle, and is a curved line segment, too. Technically though, a circle is a
curved line segment, too. A circle is however, a closed line segment, but an arc is not.
For what then do we use a line? That is, what’s the purpose of it?

A line has an idea of length or distance, for which we use a line segment.

Also, a line has another idea, called a direction. In geometry analytic or not, a line often
means a direction. We use a line or ray to indicate a direction rather than a length or
distance, for which we use a line segment.

In fact, a line has a direction. So we can indicate a direction by means of the direction a
line or a ray has, and for instance, we can use a line or a ray indicating north or west.

What then do we mean by a direction of a line?

Suppose a line is tangent to a circle, and for instance, the tangent line indicates two
O’clock direction at the moment. Then, of course, the line can be said to indicate eight
O’clock direction, too.

Suppose now, the line starts moving, and keeps moving being tangent to the circle.

Then, the line keeps changing its direction.

A line can be tangent to a circle at one point only.

So at every moment, the line is tangent to the circle at a different point. So the line gets a
different direction as the line moves along the circle keeping itself tangent to the circle.
Thus, we can say that the tangent line can indicate every possible direction.

Fig. 5

In fact, it doesn’t have to be a whole circle, and can be a half circle, too. How?



In a circle, there are two points, at which the two lines tangent to the circle have the
same direction. What are the two points then?

The two points are called antipodal points, and the length of the line segment connecting
the two points is the diameter.

And if a line is tangent to a curve, it can be tangent to it at one point only.
In other words, the curve and the tangent line share one point only.

And there is no bending, turning, twisting, or such in a line, so a line is said to be
straight. How?

Suppose a line is tangent to an object, but this time, the line is tangent to the object at all
points in the object at the same time. So even moving along the object keeping itself

tangent to the object, the line maintains the same direction. What then is the object?

It is a line, too, and in fact, is the same line. Thus, there is no bending, turning, twisting,
or such in a line, so a line is straight. It’s kind of too forced, isn’t it?

So let’s now be more specific about a line.

An object in a graph is a collection of points, so a line in a graph is a collection of points.
So such a line or its segment is an object composed of points. What points, though?

No matter what two points we may choose in a line in a graph, a line segment
connecting the two points has the same direction, which is the direction of the line.



What is a line? 7

Also, all lines parallel to each other share the same direction.
How then do we specify the direction of a line?

We can take a measurement of an angle, and can use it for the direction.

A line makes an angle against a coordinate axis in a graph, and the axis is normally
horizontal. And usually, we put a graph in the x-y plane. So for instance, a line makes an
angle against the x-axis, and we take the angle the way as follows.

Fig. 7

P
y o > 0 \>\ >

Taking the measurement of such an angle though, we usually use a ray rather than a line.
Normally, we use as the ray the part of the line above the x-axis, and we use a part of the

x-axis on the right of the point where the line meets the x-axis. So we normally take the
measurement of the angle between the ray and the part of the x-axis as shown in Fig. 8.

0 D X

Fig. 8

=

Taking such a measurement though, we do not normally use a protractor. How then can
we take the measurement without such a device?



In fact, we usually specify the direction of a line with a different math tool.
The tool is called a slope, and a line has a slope. So we can specify the direction of a line
by means of the slope of the line. What slope? What do we mean by the slope?

A slope is the ratio of the height to the base of a right triangle, that is, the ratio of the
vertical leg to the horizontal leg.

Assuming a line is in the x-y plane, we can make a right triangle using parts of both
coordinate axes and a part of the line as shown in Fig. 9 below.

So we can get a right triangle, where a part of the x-axis is the base of the triangle, a part
of the y-axis is the height, and a part of the line is the hypotenuse.

Fig. 9 yA yA
O »x 0 >x

So the ratio of the height to the base is the slope of the line, and shows the degree of the
steepness of the line. Therefore, the slope tells us how much the line is inclined with the
x-axis. However, the slope is often considered to be a rate rather than a ratio. We can

take it as a rate of change, as well as a ratio. We will get to the detail in the next section.

Now, once we’ve got the slope, we can get the angle by means of a special ratio called a
trig ratio, which is in this case called the tangent.

So the slope is the tangent of the angle. And parallel lines share the same angle. Thus,
being parallel means the same slope and the same angle, as well as the same direction.

Working with a line, we can put the line in a graph. Then, we can actually see the line
while working. A graph is not the only place we can put a line in, though.
Where else then can we put a line?

We can put it in an equation, too.

Putting a line in an equation, we express a line by means of an equation, that is, we
indicate a line by an equation. And we call such an equation an equation of a line.
And we will get to see how we can get it in the next section.



Equations for Lines 1 9

.. EQUAtions for Lines 1

Doing math, we solve problems, because solutions are what math is about. And doing
problems, we often do problems with lines. A line seems to be simple, and is in fact, one
of the simplest of all curves. When it comes to a problem though, it’s not that simple.

Doing a problem with a line, we need to work with the line. Working with a line though,
we can’t just hold it in our hand, so we want to put it somewhere so that we can work

with it.  Where then can we put a line?

We can put it in a graph. Then, we can actually see the line working with it. So putting it
in a graph, it is much easier to work with it. So doing a problem with a line, graph it.

A graph is not the only place though, we can put a line in. We can put it in an equation,
too. And we call such an equation an equation of a line.

Usually thus, putting a line in a graph, we say that we put its equation in a graph, too.
So putting an equation of a line in a graph, we put the line in a graph, and we say that we
graph the equation, or make the graph of'it.

How then, can we put a line in an equation, that is, how can we get an equation of a line?

Getting an equation of a line, we express a line using an equation.
And expressing a line, we want to know what it’s made of. So what is a line made of?

A line is basically a set of points, so it is made of points. What points though?
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A set of points is not necessarily a line. Every geometric object put in a graph is in fact,
composed of points. So depending on what points put together, the shape of the object
gets determined. What points then, do we have to put together to form a line?

As stated in the previous section, we can explain what a line is the way as follows.

No matter what two points we may pick from a line,
the segment between the two has the same slope,
which is the slope of the line.

Suppose for instance, A, B, and C are three points in a line.
Then, the slope of AB is the same as that of B_C, and is the same as that of E, too, and
thus, is the slope of the line.

So forming a line, we want to put together all such points.
We can’t actually do so, of course, but can do it mathematically. How?

Putting all those points in an equation, we get the equation of the line.

So we are back again, to the question that how to get an equation of a line. And in fact,
we can get such an equation using the explanation above, since it explains what a line is.
That is, it can be the definition for lines. And we can put it the way as follows, too

Every segment from one point to another in a line has
the same slope as the line has.

So we can notice that every point in a line has to do with the slope.
Thus, a line is no other than a slope if you will.

So given a particular slope, can we define a particular line, that is, can we get the
equation of it?

Many lines can have the same slope, so we can’t. In fact, infinitely many lines can share
one slope. How many lines then, can share a particular slope and a particular point?
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Not even two can do so. Of infinitely many lines sharing one slope, only one can have a
particular point. That is, only one line can have a particular slope and a particular point.

So defining a line, we want to get a point the line has, together with the slope.
That is, finding a line, we need at least one point in the line and the slope.

So suppose now that we are given the slope and a point of a line. How then can we get
the line, that is, the equation of the line?

As stated earlier, we can get the equation using the definition for lines, which is below.

Every segment from one point to another in a line has the same slope as the line has.

And we can put the same this way, too:

No matter what two points we may choose in a line,
the slope of the line segment between the two is constant,
and thus, is the same.

So let’s assume that the slope is @, and that L is the line we want to define, and has a
particular point (xy, y1).
What do we mean by a slope, though?

A slope is the ratio of the height to the base of a right triangle.

Assuming a line is in the x-y plane, we can make a right triangle using parts from the
coordinate axes and a part of the line. We will see a specific example shortly.

So now getting back to the definition again, we have this:

No matter what two points we may choose in a line, the slope of the line segment
between the two is constant, and thus, is the same.
What then do we mean by the phrase, no matter what two points?

We mean an arbitrary pair of points. How then can we make an arbitrary pair?

An arbitrary point in a line is a random point, and represents all the points in the line.
So we don’t just pick any two points in the x-y plane, of course.
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A pair of points has two points. Of the two, one is the point given.
What then is the other point?

It is the point that makes the pair arbitrary, so it has to be an arbitrary point in the line.
So since the line is in the x-y plane, we can specify the arbitrary point this way: (x, y).

Let’s now, put in the x-y plane the two points stated above. One is (x1, y1), which is the
point given, and the other is (x, y), which is the arbitrary point in the line.

So putting the two in the x-y plane, we can get a graph as shown in Fig. 0.

Fig. 0 yA

P(x, y)

» Pi(x1, 1)

We know L is the line we are after, so the two points P and Py are in the line L.
And showing now the line L in the graph, we can show it the way as follows.

Fig. 1 y

S

In the graph above, the line segment indicated by Ax is parallel to the x-axis, and the line
segment indicated by Ay is parallel to the y-axis.
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So we can take Ax as a part of the x-axis, and take Ay as a part of the y-axis.

That’s because we get Ax =x —xj; and Ay =y — y1.

So in the graph above, we can see a right triangle where the base is Ax, the height is Ay,
and the hypotenuse is the line segment between P and P;.
Now again, what do we mean by a slope?

A slope is the ratio of the height to the base of a right triangle.
We have a right triangle in the graph above, and also, a is the slope of the line L.

Thus, the slope of the line segmentﬁis a, too.
So we can put the slope of the line L the way as follows.

&zy_yl

= aq, where a is constant. So what do we have now?
Ax x-Xx;

Y=NM

We now have an equation, and the equation is a = . What equation then is it?

It is the equation of the line L. How?

We know (x, y) is an arbitrary point in the line L, so it represents all the points in the line,
and the equation above explains the coordinates of the arbitrary point. So?

So the equation explains each and every point in the line L.

For instance, putting a value into x, we can get the value of y, since a, x;, and y; are
known to us.

So using the equation, we can get each and every point in the line L. We can say thus,
the equation indicates the line L. So we can call it the equation of the line L.
Ay _Y~Nh

By the way, many people use different words for Ax and Ay in =a.

They call Ay ‘rise’, and call Ax ‘run’, so the slope is often called ‘rise-over-run’.
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It makes sense, because Ay is the change in y-coordinate between two points in a line,
and is the change in the vertical direction, and Ax is the change in x-coordinate, and is
the change in the horizontal direction.

In the equation above, Ay is the change in y-coordinate between (x, y) and (xi, y1), and
Ax is the change in x-coordinate between the two points, which are in the line for which
the equation is made.

Usually though, we don’t put the equation the way above. It has a bit different look.
yY=h
xX—Xx

Putting it in more conventional form, we get a = = y—y =a(x—x).

So we usually put the equation this way: y — y1 = a(x — xy).

And we just call the equation an equation of a line. So indicating a line in general, we
can use the equation above, and just call it an equation of a line.
It’s not the only form though, we use indicating a line in general.

Solving the equation above for y, we get y — y; = a(x — x1) = y = ax + y; — ax;.

And we know a, x1, and y; are all constant. So y; — ax; is constant, too.

So assuming b is constant, and replacing (31 — ax;) with b, we can put the equation
above this way too: y = ax + b.

So we now have two forms for the same equation. And the two are as follows.

y—y1=a(x—x) y=ax+ b, where b=y, —ax;

So all the equations above indicate the same line, and the line has a slope of a, and is
passing through a point (x1, y1). Thus, given a slope and a point, we can get the line.
By the way, we call each equation above the connective equation between x and y,
because it connects x and y, and explains specifically the relation between the two.

That is, it explains how x and y are related (or connected) in a specific manner.
So we usually call it the connective equation between the two.
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And in this case, x and y are the coordinates of the arbitrary point (x, y) in a line.

What then do we need to find finding an equation of a curve as a circle or parabola?

It is the connective equation, which connects the coordinates of the arbitrary point in the
curve. And we can find it using the definition for those curves as circles, for instance.

So for instance, using the definition for circles, we can find the connective equation,
connecting the coordinates of an arbitrary point (x, y) in a circle. And the connective
equation for circles is (x — a)* + (y — b)? = ¢, where (a, b) is the center, and ¢ is the
radius.

So the connective equation for certain curves indicates such a curve in general.
Thus, the connective equation for lines indicates a line in general.

And finding a connective equation using such a definition, we say that we derive the
equation. Then, depending on the use of it, we change the form as we did to the
connective equation for lines. And then, we give a name to each form.

Now, getting back to the forms we made for lines, we have these:

Y-y =a(x-xp). y=ax+b

The first form can be called the point-slope torm, because a is the slope, and (x1, y1) is a
point in the line.

And the second can be called the slope-intercept tform, because a is the slope, and b is
the y-intercept of the line.

The y-intercept is the y-coordinate of the point where the line meets the y-axis.

And of course, there can be many other forms that can indicate a line in a general
manner. It all depends on the use of the form, that is, the situation where the form is used.

Many options are not always good though. You might get confused, and there are quite a
few things to learn besides things in math.
And another bad news is the names of the forms change from people to people, from

country to country, from teachers to teachers, from time to time, etc.
It doesn’t really matter though.
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What matters is you can do the derivation of the equation from the definition.
At least, you understand the derivation processes, that is, how the derivation can be done.
How then can we find the equation of a particular line?
We can find it using one of the forms above, i.e., one of the equations for lines.

So assuming for instance, the slope of a line is 2, and a point (1, 3) is in the line, we can
use the slope form, and can put the equation of the line this way: (y —3) =2(x - 1).

And for another instance, if the slope is 2 and the y-intercept is 1, we can use the
intercept form, and can put the equation of the line this way: y =2x + 1.

In fact, the two equations above indicate the same line, so both are actually the same
equations, and only have different looks.

So depending on the problem we do, or the situation where the equation is used, we
choose one of the forms, and can get the equation putting the specifics into the form.
And the specifics are information as the slope, the point in the line, the intercept, or
something else, which depends on the form we choose.

So there are some more forms, and you will get to see them in the next section.
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... EQUAtions for Lines 2

To begin with, we can put the definition for lines the way as follows.

Every segment from one point to another in a line has
the same slope as the line has.

And we can put the same this way, too:

No matter what two points we may choose in a line,
the slope of the line segment between the two is constant,
and thus, is the same.

And using the definition above, we can get the connective equation for lines, and can put
it in either of the two forms as follows.

y—y1=a(x—xy) y=ax+ b, where b = y; — ax;

So both the two above indicate the same line, and the line has a slope of a, and is passing
through a point (xy, y1). Thus, given a slope and a point, we can get the line.

Of the two above, taking a close look at the second one, we can notice that we gety = b
setting x = 0 in the equation y =ax + b. And we call b the y-intercept, which is the y-
coordinate of the point where the line meets the y-axis.

So if the line passes though the origin O(0, 0), the y-intercept is 0.
And assuming the equation above indicates a line L, we can graph it the way as follows.
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Then, we can see that the line y = ax + b cuts through the y-axis at a point (0, b).

So when x = 0, we get y = b. Note however, not b but || is the distance from the origin
to the point where the line crosses the y-axis. That’s because it can be the case a line can
meet the y-axis at a point below the origin, that is, below the x-axis, so b can be negative.

What then about the x-intercept?

We can see it in the graph above, and we can get it setting y = 0 in the equation, because
when the line crosses the x-axis, we get y = 0. So setting y =0 in y = ax + b, we get

O=ax+b=>x= —2. Thus, the x-intercept of the line L is —2.
a a

So for now, we have two forms we can choose from finding an equation of a line.

y-y1=a(x-xy) y=ax+b

So if given a slope and a point, we can use this form: y — y; = a(x — x1).

And if given a slope and an intercept, we can use the form of this: y = ax + b.

What if we are not given a slope, though?
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A line is no other than a slope so to speak. So does no slope mean no line?
There is no rule without an exception. So some lines are said to have no slope.

Lines with no slope are lines vertical, and thus, are perpendicular to the x-axis.
So if lines are perpendicular to the x-axis, the lines have no slope. Why not?

It’s because of the definition of the slope.
By definition, if a is a slope, we geta = %

And we know Ax is the change in x-coordinate between two points in the line.
So we get Ax = 0 if the line is vertical, that is, perpendicular to the x-axis. How?

No matter what two points we may choose in a vertical line, we get no change in x-
coordinate in the two points. So we get Ax = 0, which is however, the denominator.
And we know that no division by 0 is allowed. So we get no slope if the line is vertical.

So in short, a line vertical has no slope. What then about lines horizontal?
Lines horizontal have slopes, but have to share one slope only, which is 0. How?

Lines parallel to the x-axis are horizontal. So if parallel to the x-axis, their slopes are 0.

It’s again because of the definition of the slope. In the definition for slopes above, Ay is
the change in y-coordinate in two points in the line.
So we get Ay = 0 if the line is horizontal, that is, parallel to the x-axis. How?

No matter what two points we may choose in a horizontal line, we get no change in y-
coordinate in the two points. So we get Ay = 0, which is the numerator.
And a division of 0 by any nonzero is 0. So if a line is horizontal, the slope is 0.

What if we are not given any slope, and still need to find a line neither vertical nor
horizontal?

If we are asked to find a line not vertical, we are given the slope anyway. That is to say
that we need to find somehow the slope from the information given by the problem.
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In other words, the slope is hidden somewhere in the problem.
So we’ve got to play some hide and seek.
Having only to have two points in fact, we can still find the line. How?

Where are the two points?

They are in the line we want to find, and two points can define a slope.
So using the two points, we can find the slope.
Then, using one of the two points, together with the slope, we can find the line.

u, which is the slope.

Xy =X

So for instance, given two points (x1, y1) and (xz, y2), we get

And using the slope form y — y; = a(x — x1), since a is the slope, we get

Y=y = %(x — x; ), which can be put this way: (y — y1)(x2 — x1) = (x —x1)(2 — y1),
27X

which is the equation of the line passing through the two points (x1, y1) and (xz, y2), and
can be called the fwo-point form.

Vo= _ V=N

And we can put it this way, too:

, which is closer to the definition.

What if the two points have the same x-coordinates, for instance, (1, 2) and (1, 3)?

Then, the line is vertical. A line vertical has no slope, but is still a line, so it has its
equation, too. What then is the equation of the line?

It was mentioned above that no slope means no change in x-coordinate between two
points in a line.

So at all the points in a vertical line, all the x-coordinates are same,

and thus, the line gets defined to be x = x-coordinate which is given in the point given.
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So if given (1, 2) and (1, 3), we get x = 1, which is the equation of the line passing
through the two points (1, 2) and (1, 3).

And for instance, some of the other points in the line x =1 can be (1, -2) and (1, 5).
So the arbitrary point in the line is (1, y).

What if this time, the two points given have the same y-coordinates, for instance, (1, 2)

and (3, 2)?

Then, the line is horizontal. So its slope is 0. Using thus, the form of y — y; = a(x — x1),
called the slope-point form, and using (1, 2), we gety —2 = 0(x — 2) = y =2, which is
the equation of the line passing through the two points (1, 2) and (3, 2).

And we can put the idea this way, too:

If the slope is 0, it means no change in y-coordinate between two points in a line.

So at all the points in a line horizontal, all the y-coordinates are same,

and thus, the line gets defined to be y = y-coordinate which is given in the point given.

So we now have some forms we can use finding a particular line.

Y=

Given a slope and a point, we can use the form of y — y; = a(x —x;) or this:a =

Given a slope and an intercept, we can use the form of this: y = ax + b.

u( X — x,;), or the one below.

Xy =X

0 =y)x2—x1) = (x = x1) (2 — 1)

Given two points, we can use the form of y — y, =

If a line is vertical and has a point (x1, y1), its equation is x = xj.
And if a line is horizontal and has a point (xy, y1), its equation is y = x;.

What if the slope a is negative?
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We can put in a graph a line with a negative slope the way as follows.

Fig. 3
Y\

A\ Pi(x1, 1)

So a slope says how a line slants, and explains the amount and direction a line is inclined
with the x-axis.

The amount is the magnitude of the slope.

Taking the absolute value of the slope, we can get the magnitude.

And the direction a line slants depends on the sign of its slope.

If the slope is positive, the line slants to the left, and if the slope is negative, it slants to
the right.

And if the slope is 0, the line is horizontal, and if no slope, the line is vertical.

What then is the slope?

The slope is the ratio of the vertical change to the horizontal change between two points
in a line.

The vertical change is the change in y-coordinate between two points, and the horizontal
change is the change in the x-coordinate. So assuming Ay is the vertical change, Ax is
the horizontal change, and a is the slope, we can put the slope a the way as follows.

A . L : .
a= Ey So if (x1, y1) and (x3, 2) are two points in a line, the slope is as follows.

zﬁzyz_.lﬁ _NTh

Ax x,—-x; Xx,—Xx,

a
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And Ay is often called ‘rise’, and Ax is called ‘run’, so it’s often called rise-over-run, too.

Fig. 4 The slope a >0 The slope a <0

So if we put in a graph a line indicated by the equation y — y; = a(x — x;), depending on
the sign of a, the equation indicates either of the two lines as follows.

Fig. 5 y (x2,)2) The slope a > 0.
(e1, 1) N .
yap
________ Ay
y=ﬂ N A
/ /0 X1 E X2 >x
Ax
,(xl, ) The slope a < 0.
n L (x2, 1)
Ay -t——-- -~

ol
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Normally, a line is said to proceed from the left to the right in the x-y plane.
Thus, as a line proceeds, the x-coordinate at each point increases, so Ax is positive.

Next, if the slope is positive, the y-coordinate at each point increases, so Ay is positive,
too. If therefore, the slope is positive, we get the graph in Fig. 5 above.

If the slope is negative, the y-coordinate at each point decreases, so Ay is negative, too.
So if the slope is negative, we get the graph in Fig. 6 above.

What then about the magnitude?

The bigger the magnitude of the slope, the steeper the line slants.

And the sign of the slope shows the direction the line slants. If the slope is positive, the
line slants to the left, and if negative, the line slants to the right.

All the lines parallel to each other share the same slope, and therefore, have the same
direction, so they all have the same angle (against the x-axis if they are in the x-y plane).

Also, we can notice that the slope in a line is not simply a ratio but actually a rate.
How?
Each point in a line has an x-coordinate and a y-coordinate.

And we call the x-coordinate the x-value, and call a y-coordinate the y-value.

So the slope tells how fast or slow the y-value changes as x-value changes.
In other words, the slope is the rate of change in y-value.

So for instance, assuming y-value is an amount of distance, and x-value is an amount of
time, we can say that the slope is the time rate of change in distance, because it shows
how fast or slow the distance changes as the time changes.

Let’s now again, put the line y — y; = a(x — x;) in a graph.

Then, assuming a > 0, we can graph the line the way as follows.
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And the slope of the line above is as follows. & = 27N a,where a is constant.

Xy =X

Now, assuming a point (x, y) is moving along the line above, we can see that Ax is the
change in the x-coordinate, that is, the change in the direction of the x-axis, and also, see
that Ay is the change in the y-coordinate, that is, the change in the direction of the y-axis.

So we can put the idea above the way as follows, too.

As x-coordinate changes by Ax, y-coordinate changes by Ay.
So we can put the expression % the way as follows, too.

It is the ratio of the change in the y-coordinate to the change in the x-coordinate.

What then do we mean by such a ratio?

It is a rate. A rate explains a change in one object with respect to a change in the other.

So a rate specifies how the amount of one object changes with respect to change in the
other object.

For instance, a speed is a rate, which is a time rate of change in distance.
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So a speed specifies how a distance changes with respect to change in time. That is, it
can specify the change in distance with respect to a particular amount of change in time.

For instance, an amount of distance can increase every second as 7 m/sec.

So assuming the value of Ax indicates time, and that of Ay indicates a distance, we can
see that the expression above indicates change in distance with respect to change in time,
which is a speed, which is a rate, more specifically, a rate of change.

Ay
Ay meters Ay meters _ Ay meters

For instance, we can get = =
Ax seconds 1second Ax second

That is, the slope of the line specifies the time rate of change in distance, and thus, is a
rate of change.

Now, the slope itself can be positive, 0, or negative, and thus, can be taken as a velocity.
So the magnitude of the slope can be called a speed.

In fact, a rate of change, a velocity, and a slope can be synonyms in math.

What then about acceleration?

It’s a time rate of change in velocity. So it is a rate of change in rate of change.

So it can indicate how fast or slow a rate changes, that is, how fast or slow a velocity
changes.

If the rate of change increases, the velocity increases, so the slope increases, too.

And if the slope decreases, the velocity decreases, so the rate of change decreases, too.

So no acceleration is in a line. There is no change in slope in a line, so the velocity
doesn’t change, that is, we have no change in the rate.
And no change in the rate of change means that acceleration is 0.

So if we collect data a moving body produces, and put the data in a graph, we can get a
line as the curve if the body is moving at a constant velocity, and thus, has 0 acceleration.
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In sum:

A line is a collection of points in a plane, and the points are as follows.

No matter what two points we may pick from a line, the line segment between the two
points has the same slope as the line has. In short, every line segment from one point to
another in a line has the same slope as the line has. If a line is not vertical, it has a slope.

The magnitude of the slope shows how steep the line slants.
The bigger the amount of the slope, the steeper the line slants.

The sign of the slope shows the direction the line slants. If the slope is positive, the line
slants to the left, and if negative, the line slants to the right.

All the lines parallel to each other have the same slope, and therefore, have the same
direction, so they all have the same angle (against the x-axis if they are in the x-y plane).

And we have some forms we can use finding a particular line.

Y=

Given a slope and a point, we can use this form: y — y; = a(x —x;) or this:a =

Given a slope and an intercept, we can use this form: y = ax — b.

Y27 (x— x,), or the one as follows.

Xy =X

Given two points, we can use the form of y — y, =

0 =y)x2—x1) = (x = x1)(¥2 — 1)
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... EQUAtioONs for Lines 3

To begin with, we can put the definition for lines this way: every segment from one
point to another in a line has the same slope as the line has.

And we can put the same this way, too: no matter what two points we may choose in a
line, the slope of the line segment between the two is constant, and thus, is the same.

And using the definition above, we can get the connective equation for lines, and can put
it in either of the two forms as follows.

y—y1=a(x—xy) y =ax+ b, where b = y; — ax;

So all the equations above indicate the same line, and the line has a slope of a, and is
passing through a point (x1, y1). Thus, given a slope and a point, we can get the line.

And if given two points (x1, y1) and (x2, 32), using one of the first two forms above, we

can gety—y, = V27N x;), which can be put this way, too: N=h V=N o
this way: (y — y1)(x2 — x1) = (x = x1)(¥2 — y1).
So putting threads together, we have three forms as follows.
-y
y-y=alx-x) y=ax+b  y-y=1—1(x-x))

X, =X
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So using one of the three forms above, together with the given information as the slope
and a point, or two points, we can get the equation of a particular line.

And usually, we call the three forms the equations for lines, or call each form an
equation of a line, which means each indicates a line in general.

None of the three forms however, cannot indicate lines of a particular kind.
What kind then is it?

The lines of the kind are vertical lines as x = 1.
Examining each of the three forms above, we can notice that for any values of the
constants, a, b, x1, y1, X2, and y», no form can indicate a vertical line.

It is in fact, because a vertical line has no slope. Each of the three forms has a slope.

In the first two forms, a is the slope, and in the third, the slope is 270
Xy =X

Isn’t there any form then, that can indicate a vertical line, as well as a line with a slope?

We have one, and it is called the general form, which is thus, called a general equation
of a line. And we can put the general form the way as follows.

ax+by+c=0,
where a, b, and ¢ are constant,
but @ and b cannot be 0 at the same time.
So for instance, settinga =1, b =0, and ¢ = -1, we get

ax+by+c=0=>x+0-1=0=>x=1,

which is a line perpendicular to the x-axis, and thus, is vertical.

And for another instance, if putting 4x + 2y + 1 = 0 in the slope-intercept form, we can

simply put it this way: 4x+2y+1=0=>y = 2x—% .
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Assuming for instance, ax + by + ¢ = 0 indicates a line L, we can put it this way, too:

L={(x,y)| ax+ by + ¢ =0, where a* + b* # 0} Not quite sure?

We know a line is a set of points. So L is a set of points, too, and we can indicate L the
way above using a set notation. So the set expression above is saying that L is the set of
every point (x, y) that satisfies the equation ax + by + ¢ = 0.

So for instance, if K= {(x, )| 2x—y+1=0}, Kisaline2x—y+1=0.

And we can put the line K this way, too, of course: y =2x + 1.

What do we mean by this though: a* + b* = 0?

It means that @ and b cannot be 0 at the same time.
And using the set notation, we can indicate some points in a line, too.
For instance, we can indicate a set of three points in such a way as follows.

A={(x,p)|y=2x,and x =2, 3, or 4} = {(2, 4), (3, 6), (4, 8)}.

Also, we can indicate the line L this way, too: L(x, y) =ax + by + ¢ =0.

We can read L(x, y) as ‘L of x and y’, or ‘L of Xy’ for short.

So L(x, y) is the name of the equation of the line L, and the equation is ax + by + ¢ = 0.
And in this case, the letter L is called the equation designator, which means, of course,
the name of the equation.

So note that L(x, y) is not a function but an equation, made of two variables.

And the conics is in fact, about equations of degree 2 with two variables.
So putting an equation of a line in full general manner, we can put it the way as follows.

ax2+by2+cxy+ux+vy+w=0

For some and not all values of the constants, the equation above can indicate a line or
two lines at the same time.
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For instance, x> + 3y* + 4xy + 3x + 7y + 2 = 0 is an equation of two lines.

Oneisx+3y+1=0, and the otherisx+y+2=0.

So we have quite a few ways to put an equation of a line.

: D x
Taking one more example, we can put a line in this form, too: —+ Yo1
a

Then, of course, @ and b are nonzero constants, since they are denominators.

In the form above, a is in fact, the x-intercept, and b is the y-intercept. How?

Setting x = 0 in the equation, we get the y-intercept, and setting y = 0, we get the x-

intercept. So setting x =0 in L % =1,we get y = b, and setting y = 0, we get x = a.
a

So the form above can be called the intercept form.

Note however, that the form above cannot indicate a line passing through the origin.

Modifying the form though, we can get -+ % =1= bx +ay = ab.
a
Then, in the form bx + ay = ab, setting a = 0, we get x = 0, which is the y-axis, and

setting b = 0, we get y = 0, which is the x-axis.

So if knowing the x-intercept is a, and the y-intercept is b, using this form: bx + ay = ab,
we can quickly get the equation of the line.

Usually though, if a line passes through the origin, we put the line in this form: y = ax,
where a is the slope, of course. We can in fact, get the form simply putting (0, 0) into the
form as follows. y — y1 = a(x — xy). That is, setting (x1, y1) = (0, 0), we get y = ax.

And in fact, we can get this: y — y; = a(x — x;) applying to the form y = ax, a graph
operation called a parallel transformation.

In such a parallel transformation, we translate the line y = ax in the amount of x; in the
direction of the x-axis, and in the amount of y; in the direction of the y-axis.
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Then, we get y — y1 = a(x — x1), of course.

For the details on transformations, refer to the book Function Transformations.

So now, putting threads together, we have five forms, and the forms are as follows.
The point-slope form, y — y; = a(x — x;1), which needs the slope and a point.

The slope-intercept form, y = ax + b, which needs the slope and x or y intercept.

Y2=h (x — x;), which needs two points.

Xy =X

The two-point form, y — y, =

The general form, ax + by + ¢ = 0, which is used in general, and can be put in one of the
forms above.

. x . : : .
And the intercept form, — +% =1, where a is the x-intercept, and b is the y-intercept.
a

Or another intercept form, bx + ay = ab, where a is the x-intercept, of course, and b is
the y-intercept.

So depending on the problem with a line or the situation where the equation is used, we
can choose one of the forms above, and can get the equation of the line we want.

For instance, if the slope is 3 and a point (1, -2) is given,
we can use y —y1 = a(x — xy),

and then, we gety — (12) =3(x - 1) >y +2=3(x-1),
which can be put this way, too: y =3x - 5.

Next, if the slope is —2, and the x-intercept is 3,

we can use y =ax + b.

Then, since the x-intercept is 3, we gety =0 = x = 3.
Anda=-2. Sowegety=ax+b—=>0=-23+b=>b=6.
Thus, the line is y =-2x + 6.
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Next, if the slope is 3, and the y-intercept is 2, we can use this again y = ax + b.
And we know that we get the y-intercept when x = 0.
So in the form above, b is the y-intercept, since we gety=bifx=0iny=ax+ b.

Thus, since the slope is 3, we get @ = 3, and since the y-intercept is 2, we get b = 2.
So the line is y =3x + 2. And of course, we can get the line the way as follows, too.

Since the y-intercept is 2, we getx =0 = y = 2.
Sowegety=ax+b—=>2=a0+b=>b=2. Anda=3. Sothelineisy=3x+2.

Vo= N

Next, if we are given (1, -2) and (-3, 4), we can use this form: y — y; = —=——(x—x;).
Xy X
Then, setting (x1, y1) = (1, -2), and (x2, y2) = (-3, 4), we get
V2= N 4-(=2) 4+2
—y, = X—x)=>yp—(2)= x—-1)=>y+2= x—1
y=n1 xz_xl( D=>y—(-2) _3_(_1)( )=>y _3+1( )

=>y+2= %(x—l)= -3(x—-1) = y+2=-3(x—1), which is the line.

For some reason though, some people or teachers prefer this form: y = ax + b.
So if that is the case, you can keep them happy the way as follows.

y+2=-3(x-1)=>y+2=-3x+3 = y=-3x+ 1, which is the line.

And next, if 2 is the x-intercept, and -3 is the y-intercept, we can use either of the two as

follows. £+% =1,or bx + ay = ab, where a is the x-intercept, and b is the y-intercept.
a

Then, using the first, we get SRS PN A P T 2y = -6, which is the line,

a b 2 -

and can be put this way: 2y — 3x + 6 = 0, can be put this way, too, of course: y = %x -3.

And using the second form, we get -3x + 2y = -6, which is the one above.
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.. EQUAtiONS for Lines 4

Normally, we put one line in one equation, and yet several lines can be put in one
equation, too. In other words, an equation can indicate several lines at once.

In fact, we can specify by one equation as many lines as we want. Putting a line in an
equation, we often use either of two forms, one is the point-slope form, and the other is
the general form. Putting however, in an equation more than one line, we use the general
form, which is ax + by + ¢ = 0 where a, b, and c are constant.

If an equation indicates more than one line, the equation is composed of as many
equations as the number of the lines, and each of the equations is an equation of a line.

So let’s first, put two lines in one equation.

Suppose U is a line ax + by + ¢ = 0, and V is another line px + qy + r=0.
Then, we can put the two lines U and V in one equation the way as follows.

(ax + by + c)(px +qy +r)=0. How though, does it indicate two lines?

Assuming for instance, AB =0, we get A = 0 or B = 0. Likewise, we can get this:

(ax+by+to)px+qp+r)=0=ax+by+c=0o0rpx+qy+r=0.

So the one equation (ax + by + c¢)(px + qy + r) = 0 can indicate two lines, one of which is
ax + by + ¢ = 0, which is the line U, and the other is px + qy + r = 0, which is the line V.

And yet, there is another way.

We can put the two lines U and V in this equation: U + V* = 0.

Then, we get U= 0 and V' =0.

So the one equation (ax + by + ¢)* + (px + qy + r)* = 0 can indicate two lines, one of
which is ax + by + ¢ = 0, which is the line U, and the other is px + gy + r =0, which is
the line V.
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Assuming next, ABC=0,we get A=0,B=0,0r C=0.
So assuming W is another line ux + vy + w =0, we can get this:

(ax+tby+o)px+tqp+r(ux+vy+w)=0=>ax+by+c=0,px+qy+r=0,or
ux+vy+w=0.
So the one equation (ax + by + ¢)(px + qy + r)(ux + vy + w) = 0 can indicate three lines.

And of course, we can use the other way.
Assuming now, A+ B+ (= 0,weget4A=0,B=0,and C=0.
So assuming W is another line ux + vy + w =0, we can get this:

(ax+by+c)l+(px+qp+r)’+@x+v+w)l=0=ax+by+c=0,px+qy+r=0,
and ux +vy +w=0.

So the one equation (ax + by + ¢)* + (px + qy + F)* + (ux + vy + w)* = 0 can indicate

three lines.

And by the same token, we can put in an equation more than three lines, too.

So let’s this time, put # lines in one equation.

Suppose first, L1L,L3 . .. L, =0, where Ly = a;x + byy + cx, where ay, by, and ¢ are
constant, where k=1, 2,...n.

That is, we have Li=aix+ by +c1, La=ax + by + ¢z, ...,and L, =a,x + b,y + c,.

Then, we get
LiLL3...L,=0= (aix+ by +tci)(ax+by+c)...(anx+byy+c,)=0.

SowegetL;=0,L,=0,...0orL,=0.
That is, we get Ly, =0, where k=1, 2, ... n.

In other words, we getaix + byy +c1=0,axx+ by +c;=0...0orax+by+c,=0.

Therefore, LiL,L3 . . . L, = 0 is an equation that indicates n lines.

And of course, we can use the other way, too.
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We cangetL12+L22+L32+...+L,,2=0

:>(a1x+b1y+c1)2+(a2x+b2y+cz)2+...+(a,,x+b,,y+c,,)2=0.

SowegetL;=0,L,=0,...and L,=0.
That is, we get Ly =0, where k=1, 2, ... n.

In other words, we getayxx + byy +c1=0,ax + by +¢c,=0...and a,x + by + ¢, = 0.

Therefore, LiL,L5 . . . L, = 0 is an equation that indicates n lines.
Then, can we put two or more lines in one set of points, too?

Yes, we can. We can put in one set of points, as many lines as we want.
For instance, putting a line L in a set of points, we can put the line L in a set of points
the way as follows.

L ={(x,y)| ax + by + ¢ = 0 where a, b, and ¢ are constant, but a’ + b* = 0.}.

What do we mean by a” + b* # 0, though?

It means that @ and b can be any real number, but cannot be 0 at the same time. So either
of @ and b is not 0. If &* + b> = 0, a and b both have to be 0 at the same time.

And next, assuming for instance, that A4 is a set of points indicating the two lines U and
V stated earlier, we can put the set A the way as follows.

A ={(x,y)| (ax + by + c)(px + qy + r) = 0 where a, b, c, p, q, and r are constant.}

And of course, a® + b* # 0, and p° + ¢* # 0, either.

And by the same token, we can put in a set of points more than two lines, too.
Suppose B is a set of points that indicates all those #» lines stated above. Then, we get

B ={(x,p)| (aix + byy + c1)(axx + byy + ¢3). . .(ax + by + ¢,) = 0 where ay, by, and ¢y

are constant, k=1, 2, ... n, and ai + b # 0.}

Of course, ait+ b2 #0= a;and by, for k= 1,2, ... n can be any real number, but

cannot be 0 at the same time. So neither of a; and by, is 0.
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And lines can make a line, too.

When making, indicating, finding, or defining a line, we put it in an equation.
Then, defining or finding a particular line, what do we need at least?

Two points in the particular line, or one point and the slope of the line
So two points can define a line, and thus, can make a line if you will.

Given two points though, we can define (or make) one line only, because one particular
line only can pass through the two points, and no other line can do so.

Let’s now, go over briefly how to define a line with two points.

Suppose in the x-y plane, two points (s, #) and (u, v) are in a line.

Then, we can put the line in an equation the way as follows.

y—t=a(x—s),ory—v=a(x—u), where a = d

Both equations above are equivalent to each other, that is, they only look different.
So for instance, given (-1, 3) and (-2, 5), we can get the slope the way as follows.

3 2 -5 -2
5-3 ,_3-5 _=2

2+1 -1 +2 1

Sowegety—3=-2(x+1)=>y=-2x+1,and also,y—-5=-2(x+2)=>y=-2x+ 1.
Thus, two points can define one line only, which is one particular line.
Next, a point and a slope can define a particular line, too.

Given a point and a slope, we can define or make one line only, since one particular line
only can have the slope and pass through the point. So for instance, if a line of slope m
has a point (s, ), we can define the line by an equation as follows.

y—t=m(x—ys)

Thus, two points can define one line only, and so do a point and a slope.
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So we can make a line by means of two points or a point and a slope if you will.

That’s not the only way though, we can make a line.

We can make a line by means of lines, too. That is, lines too, can make a line if you will.
Putting lines together, we can make another line.

We can use two different lines to make another line. Calling the two lines, original lines,
we can make a new line by means of the two original lines.

Suppose first, the original lines are parallel to each other. Then, the new line, too, is
parallel to the lines original. That is, all the three lines are parallel to each other.

Suppose next, the original lines meet each other at a particular point. Then, the new line,
too, meets the originals at the particular point. That is, all the three lines meet each other
at the particular point altogether. So they share the particular point altogether.

How then do we make the new line?

If we take the average of two original lines, the average can be the new line.
What do we mean by the average though?

Taking the sum of two originals, and then dividing the sum by 2, we get a line, which is
the average.
So for instance, making a new line with y = a1x + by, and y = axx + by, we get

a,+a b, +b
174 T

yty=(aix+b)+(ax+b)=>2y=(@+a)x+ (b1 +b)=>y= 5 5

So we get a new line, which is the average of the two lines original.
However, the new line above is not the only new line we can get.
That is, such a new line doesn’t have to be the average. How?

Suppose 4 is a line ax + by + ¢ =0, and B is another line ux + vy + w=0.

Then, taking the sum of the two, we get 4 + B, whichis (@ + u)x + (b +v)y+c+w=0,
which, too, can be a new line. Also, taking 24 + B, we get

2ax+by+tco)tux+vy+w=Qa+ux+Q2b+v)y+2c+w=0,

which can be a new line, too. What do we mean by such a new line, though?
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If A is parallel to B, the new line is parallel to A4, too, that is, if C is the new line, 4, B,
and C are parallel to each other. If however, A meets B at a point P, the new line C
meets B at the point P, too, that is, all the three lines 4, B, and C share the point P.

Suppose next, A is a line y = ax + b, and B is another line y = ax + c.
Then, 4 and B are parallel to each other, and taking the sum of the two, we get

b L :
(y=ax+b)+(y=ax+c):>2y=2ax+b+c:>y=ax+%,whlchlsanewhne,

which is a line of slope a, too. So the new line, also, is parallel to the original two lines.
Suppose this time, 4 is a line y =x + 1, and B is another line y =-2x + 5.

Then, first, finding the point where the two originals 4 and B meet each other, we get
7

x+1=-2x+5:>3x=4:>x=§:>y=x+1=%+1=§

. .4 . .
So the original two meet at a point (5’ %). Next, taking the average of the two originals,
1 L .
weget(y=x+ 1)+(y=-2x+5):>2y=-x+6:>y=—Ex+3, which is a new line.

4
Now, checking to see if the new line passes through the point (E’ %) , too, we get

7

1 4 2
y=——x+3=>—-=-——-—
2 3

%- 3 +3= —§+ 3= % . It does, so the three lines share the point.

Fig. 0
A A
\
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In fact, any multiples of the two lines 4 and B can make a new line, and the new line,

too, includes the point (%, %) .

For instance, taking the sum of the line 4 and twice the line B, we get a new line passing

through the point (g, %) . Not quite sure?

Making the new one stated above, we get

11
=x+1D)+2y=-4x+10)=>3y=-3x+11=>y=-x+ 3

) el .4
Checking to see if it includes the point (5’ g) , too,

1n_7_ 4 11 _7
wegety=-x+—=—= ——+—=—,

373 3 3 3
Let’s multiply the line A by -10, and the line B by 20, and take the sum of the product.

(-10y =-10x-10) + (20y = -40x + 100) = 10y = -50x + 90 = y = -5x +9, a new one.

) ) ) .. 4
Checking to see if the new one above includes the point (5, %) , t0o,

we gety=-5x+9=—5-§+9=%.

Let’s take the sum of the line 4 and 20 times the line B, and check it again.

101
y=x+1)+20y=-40x+100) = 21y =-39x+ 101 = y = —%x + %, another new.

4
Checking to see if the other new one above includes the point (g, %) , too,

39 101 39 4 101 -13-4+101 49 7
wegety=——x+——= . = = =_
21 21 21 3 21 21 21 3
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Let’s next, take the sum of the line B and twice the line A.

y=-2x+5+2y=2x+2)=>3y=T=y= % , which is a line parallel to the x-axis

4
and passing through all the points (x, %) , 0 the line includes the point (E’ %) , too.

Let’s this time, take the sum of the line 4 and the line B multiplied by -1.
y=x+1)+(y=2x-5)=20=3x-4=>x= %, which is a line parallel to the y-axis

. . 4 . .4
and passing through all the points (E’ »), so the line includes the point (5, g) , too.

Now, it seems that given two lines meeting each other at a point P, we can make as
many new lines as we want, each of which passes through the point P, too. In fact, every
linear combination of two lines meeting at a point P passes through the point P, too.

So infinitely many such new lines can be made.
We will cover such a fact in one of the examples followed by this section.

Fig. 1
7\ YA
\ \

7 \ “ ] \ N <

The same is true for the lines parallel to each other, too. So given two lines parallel to
each other, we can make infinitely many new lines parallel to the two parallel lines.
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That is to say that with any linear combinations of two lines parallel to each other, we
can make a new line, and the new line is parallel to the two, also.

So for instance, taking the average of three lines y =ax + b, y = ax + c,

b L
and y =ax+ % , which is the average of the first two, we get

3(b+c):> _ax+b+c
y 5

(y=ax+b)+(y=ax+c)+(y=ax+—b;c):> 3y=3ax+

Of course, adding the average back to the sum and taking the average again, we get the
same average. The same is true, too, for two lines meeting at a point. So for instance

a+tc b+d
x+T)

y=ax+b)+(y=cx+d)+(y=

_ 3(a+c)x+3(b+d):>y_ a+cx+b+d

=3
Y= 2 2 2

Let’s this time, make a new line with three lines parallel to each other as follows

y=ax+b,y=ax+c,andy=ax+d.

Then,we get {y =ax+b} + {y=ax+c} + {y=ax+d} =>3y=3ax+ (b +c+d

> y=ax+ w, which is a line of slope a, which is therefore, parallel to the

original three.

And the same is true, also, for three lines meeting each other at a particular point.
Suppose s, ¢, a, b, and ¢ are constant.

Then, three lines y —t=a(x —s), y —t = b(x —s), and y — t = ¢(x — 5) pass through a point
(s, #) in the x-y plane, so the three lines meet each other at (that is, share) the point (s, 7).

Now, setting Y=y —tand X=x—s, we get Y=aX, Y=5bX, and Y = cX.

Sowe get (Y =aX)+(Y=bX)+(Y=cX)=>3V=(a+b+)X= Y=—a+:+cX_

Thus, we gety—¢ = %’H_c(x — ), which, too, is a line passing through the point (s, 7).
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Now, the same idea applies to four or more lines meeting at a particular point, too.

In fact, with any linear combinations of lines meeting at a particular point, we can make
a new line, and the new line, also, passes through the particular point.

And the same is true for four or more lines parallel to each other, too.

What then is the point of all the stories above?

The point is ‘a point and a slope’. So there are two main ideas in a line.

One is that we can have infinitely many lines meeting at (sharing) a particular point, and
each of all those many lines can be made (a sum) of two or more lines, which pass
through the particular point, too. This is about a point in a line.

And the other is that we can have infinitely many lines parallel to each other (sharing a
particular slope), and each of all those many lines can be made (a sum) of two or more
lines, which are parallel to (share the particular slope with) those many lines, too.

There is another important idea, too.

There is only one line with a particular slope passing through a particular point.
So a point and a slope can define a line.

Thus, a line in math is made of a point and a slope, so to speak.

As other objects in math, a line is a concept, and is not like a string on a guitar or a rope
in real world no matter how thin it may be. A line in math has no thickness, and its
length is infinite.

Getting the concept of a line can help, and it does very often when we do algebra solving
problems with lines when learning not only basic math at high school but higher math at
a collage, too, as calculus.

The strong foundation on lines is vital to the early stage of learning calculus.
As a matter of fact, calculus begins with a line.
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. What is a parabola?

A parabola is in a plane, and is a set of points, from each of which,
the distance to the focus is the same as the distance to the directrix.

A parabola is one of the basic curves called conic sections, often called conics for short.
So it is a conic, and we can call it a path a baseball makes. So it looks like a half circle,
but is not, of course. What curve then is it?

A parabola can also be quite close to a half ellipse or a hyperbola. And it can even look
like a line or a wedge. So it’s often the case it’s hard to tell if we just look at it.

half circles half ellipses parabola

i ih /—\
m hyperbola

P
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Next, unlike other conics, each and every line tangent to a parabola has a different
direction (slope). Like other conics though, a parabola is symmetric, too.

It is however, symmetric about one line only, and the line is passing though its vertex.
So it has only one axis of symmetry, and the axis of symmetry passes through the vertex.

Fig. 1 __.--the axis of symmetry
A'// \\\ /
R

As shown above, the axis of symmetry passes through the point called the vertex.
So the axis of symmetry has the vertex, which is important.
How then can we get a parabola?

As shown in Fig. 2 below, if cutting a right cone with a plane, we can get a cross section
called a parabola. So it’s called a conic section, just called a conic for short.

Fig. 2

Q -
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What is a right cone though?

If a cone is a right cone, the line connecting the vertex of the cone and the center of the
base is perpendicular to the base, and thus, makes a right angle (90°) with the base.

And in the figure above, the cross section in black is a parabola. So if the plane is
parallel to the side of the cone (called the generator of the cone, too), and does not
include the vertex, the cross section is a parabola.

And we can explain a parabola the way as follows.

A parabola is a collection of points as in the case of a line.

Suppose we designate a particular point and a line in the x-y plane as shown in Fig. 3
below. Then, a parabola is a set of points, from each of which, the distance to the
particular point is the same as the distance to the line. And the particular point is called
the focus of the parabola, and the line is called the directrix.

Ya ___-- parabola
Fig. 3 £ vertex __focus
_ directrix
-
>
o x
- .
== the axis of symmetry

And we can also explain a parabola the way as follows.

Suppose a point is moving along a curve, and the distance from the moving point to a
particular point is the same as the distance to a particular line. Then, the particular point
is the focus, the particular line is the directrix, and the curve is a parabola.

So if in the x-y plane, a point (x, y) is in a parabola, no matter where the point (x, y) may
be in the parabola, the distance from the point (x, y) to the point called the focus is the
same as the distance to a line called the directrix.
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A
Fig. 4
x,»)
_ directrix
A’//
>
D x
“‘“\ .
"7~ the axis of symmetry

And we can notice that the axis of symmetry is perpendicular to the directrix.

In the figure above, the axis of symmetry is perpendicular to the x-axis. And in that case,
of course, the directrix is parallel to the x-axis.

It can be the case, of course, the axis of symmetry is neither perpendicular nor parallel to
the x-axis. Such a parabola can be said to be skewed or tilted, and some examples can be
as follows.

Fig. 5
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Usually though, in high school math or basic courses in college math, if we use a
parabola, the axis of symmetry is perpendicular to a coordinate axis. So such a parabola
can be called a perpendicular parabola. And in this book, such a parabola is said to be
perpendicular, and thus, is called a perpendicular parabola. Note however, in other
books, it may not be called a perpendicular parabola, and can be called differently.

Anyway, putting a perpendicular parabola in the x-y plane, we can get this:

Ya

Fig. 6

x,»)
/ directrix

o >x

\\\\\\ the axis of symmetry

So no matter what point we may take in a parabola, the distance from the point to the
focus is the same as the distance to the line called the directrix.

And the directrix is perpendicular to the axis of symmetry.

And the axis of symmetry passes through the focus and the vertex.

So the focus and the vertex are in a line called the axis of symmetry.

And more importantly, we can see that a curve called a parabola changes its behavior at
the point called the vertex. If a parabola is perpendicular, the vertex is the point where a

maximum or a minimum occurs.

And using the fact above, we solve many problems with parabolas. That is to say that we
often use the idea of parabolas doing problems with maximums or minimums.

And in this book, we have two kinds in parabolas perpendicular.

One is horizontal, and the other is vertical.



50

Fig. 7  parabolas horizontal y parabolas vertical

SN
0 \::/ x

So in a parabola horizontal, the axis of symmetry is horizontal, that is, parallel to the x-
axis, and in a parabola vertical, the axis of symmetry is vertical, that is, perpendicular to
the x-axis.

Thus, if the axis of symmetry is horizontal, the parabola is horizontal, and if the axis of
symmetry is vertical, the parabola is vertical.

(Note that though, in other books, parabolas may not be classified the way above, and
thus, may not be said to be horizontal or vertical.)

Either way, the vertex is in the axis of symmetry, and is the key point in a parabola.
Where can we find a parabola though?

We use a parabola a lot. Parabolas have much to do with simple trajectories. That is, a
parabola is often used for a path a projectile makes through space under the action of a
constant force as gravity. Such a path is called a trajectory, and is a parabola segment.
For instance, if we throw a basketball, the basketball travels in the air along a path that is
a parabola segment.

For another instance, we use a parabola when we design a tool for watching satellite TV.
Such a tool is called a satellite dish. If a plane cuts the dish, the cross section is a
parabola segment. And the same is true, too, for a reflector in a flashlight or such. That’s
because of the property of a parabola. And the property is covered in the next section.
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1. Properties in Parabolas

A parabola has a focus, which is a point, and it has a directrix, which is a line.
And the relation between the two is the definition for parabolas, and is as follows.

No matter what point we may choose in a parabola,
the distance from the point chosen to the focus is
the same as the distance from the point chosen to the directrix.

So a parabola is bent toward the focus, and has some properties. One is as follows.
Suppose a parabola reflects lights, and light rays are coming into the parabola, and are
perpendicular to the directrix.

Then, all the light rays reflecting off the parabola concentrate at the focus.

And for that reason, too, if we put a light source (such as a light bulb) at the focus, all
the light rays reflecting off the parabola will be perpendicular to the directrix.

Fig. 0

So rays coming into a parabola and perpendicular to the directrix concentrate at the
focus, and reversely, rays emitting from the focus and reflecting off the parabola are
perpendicular to the directrix.

That’s because when a ray reflects off a parabola, the incidence angle is the same as the
angle of reflection. And the same is true for other waves such as sound and radio, too.
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Fig. 1

We can see in Fig. 1, that for each ray reflecting off the parabola, the incidence angle is
the same as the angle of reflection. We’ll see how it’s the case, the proof later.
And we have another property as follows.

Suppose A4 is the length of a ray from the entrance line of a parabola to the parabola, and
B is the length of a ray from the parabola to the focus. Then, 4 + B is constant.

" the entrance line of the parabola
Fig. 2

the focus =~
the axis of symmetry

So the sum of the lengths of the two line segments dotted is the same as that of the two
line segments solid, and is the same as that of the two line segments dashed, too.
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How then can we actually make a parabola?

We know the fact that a parabola is a set of points, from each of which, the distance to
the focus is the same as the distance to the directrix.

And because of the fact above, a parabola has the property stated above.

The property is in fact, no other than the definition for parabolas. And using the property,
that is, the definition for parabolas, we can actually construct a parabola. And in fact, a
German astronomer, Johannes Kepler came up with a method. So the method can be
called Kepler’s method, which is covered in the next section.
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2. Kepler’'s Method

This method is for construction of a parabola, and uses the property saying that the sum
of two line segments is constant, one line segment is from the entrance line of a parabola
to the parabola, and the other is the line segment from the parabola to the focus.

First, as in Fig. 0 below, pick a position of the focus, and then, put a vertical bar on a
horizontal bar that serves as the parabola’s directrix.

Next, pin to the focus one end of a string that has the length of the vertical bar, and pin
the other end to the top of the vertical bar, and keep the sting taught. The string is in gray
in the figure below.

Beginning at the top of the vertical bar, holding the string taught against the bar with a
pencil tip, slide the vertical bar along the horizontal bar. A parabola just has begun.

Fig. 0 yA the entrance line of the parabola segment
/
/ . pencil tip
7 =<
| 2 y'as
\
\ /
\ . /
\ string _ J
\ \\ ! .
\ “a / _- vertical bar
\\ / -7
\ 4 "/
X \ //I
N /
\ focus /
\ \ J
\\ N / 1
\ \ / .
\ \\ /’
\\\ < /
A N ® 7/
" \\\\\ "///
A > X
6 e ( ............ ( .....
%
\\

horizontal bar = directrix

The distance from the pencil tip to the focus is the same as the one from the pencil tip to
the horizontal bar. That is, the length of the string is the same as that of the vertical bar.

Keep sliding the vertical bar to the left along the horizontal bar while holding the string
taught against the vertical bar with the pencil tip. Then, the pencil tip keeps moving
downward along the vertical bar, and the parabola segment keeps getting longer.
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Fig. 1

, the entrance line of the parabola segment

Fig. 2

vertical bar _

In the figure above, we can see that the pencil tip keeps the same distances from both the
focus and the point where the vertical bar meets the horizontal bar.
y

A

, the entrance line of the parabola segment
SA

horizontal bar = directrix
!

!

1

In the figure above, the sum of the two line segments is the length of the string, and the
length is the length of the vertical bar, too. One of the two line segments is from the top

of the vertical bar to the pencil tip, and the other is from the pencil tip to the focus.



Fig. 3

vertical bar

Kepler's Method

the entrance line of the parabola segment

_pencil tip

i

horizontal bar = directrix
1
1

Fig. 4

, pencil tip

_-vertical bar

In both figures above and below, the pencil tip still keeps the same distances from both
the focus and the point where the vertical bar meets the horizontal bar.

the entrance line of the parabola segment

Ihorizontal bar = directrix

57
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Note that the parabola constructed in the figure above is a parabola segment, and thus,
has a finite length.

A parabola is a curve of length infinite, because its both ends proceed infinitely.
And so is a parabola ray, because its one end proceeds infinitely.

Fig. yA

a parabola ray

\ a parabola

How then can we define a particular parabola?

Normally, we put a parabola in the x-y plain, and the parabola is perpendicular, so the
axis of symmetry is perpendicular to the x-axis or the y-axis. And we can define such a
parabola specifying the vertex and the focus, or specifying the vertex and the directrix.
That’s because knowing the two, we can get the equation of the parabola.

So defining a parabola, we produce the equation of it.
And such equations are covered in several sections beginning the next section.
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1.5. EQuations for Parabolas 1

Normally, we put a parabola in the x-y plain, and in high school math, the parabola is
perpendicular, so the axis of symmetry is perpendicular to the x-axis or the y-axis. And
producing an equation to indicate such a parabola, we get to use one of two simple forms.
In this book, one is called the vertex form, and the other is called the non-vertex form.
(So in other books, they might be called differently.)

To begin with, if the axis of symmetry is perpendicular to the x-axis, the vertex form is

2
y=m(x-p) +gq,
because (p, q) is the vertex. Of course, we can use it as an equation of a parabola, too.

And the axis of symmetry is a line x = p, because the axis of symmetry passes through
the vertex, and is perpendicular to the x-axis.

Fig. 0 the axis of symmetry the axis of symmetry

7z

A Ya

7’

¥ the vertex (p, q)

the vertex (p, q)

Next, the non-vertex form is y = ax’ + bx + ¢, which can be also, used as an equation of

o . . -b
a parabola, of course. And in this case, the axis of symmetry is a line x =2— .
a
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Fig. 1 Ya the axis of symmetry Ya the axis of symmetry
» the vertex
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thé vertex

And if we use either of the two forms above, the parabola is said to be vertical, because
the axis of symmetry is vertical, that is, perpendicular to the x-axis.
What then about parabolas horizontal?

For parabolas horizontal, we use two forms, too, one is the vertex form, and the other is
the non-vertex form.

The vertex form is x = m(y — q)* + p, and the vertex is at (p, ¢).
And the axis of symmetry is a line y = ¢, because the axis of symmetry includes the
vertex, and is horizontal, that is, parallel to the x-axis.
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And the non-vertex form is x = ay® + by + ¢, and in this case, the axis of symmetry is a

line =_—b
Y 2a
Fig. 3 yA
—bl
2a
qa
So in sum,

y=m(x —p)’ + q is often called the vertex form, because (p, ¢) is the vertex, and of
course, we can use it as an equation of a parabola, too.
y= ax’ + bx + ¢ is called the non-vertex form, and also, we can use it as an equation of a

o : L —b
parabola. And in this case, the axis of symmetry is a line x =2— .
a

And each form is used if the parabola is vertical, because the axis of symmetry is
vertical, that is, perpendicular to the x-axis.

If however, the parabola is horizontal, because the axis of symmetry is horizontal, that is,
parallel to the x-axis, we use either of the two forms as follows.

x=m(y — g)* + p, which is often called the vertex form, because (p, q) is the vertex.

x=ay’ + by + ¢, and in this case, the axis of symmetry is a line, y =;_a .

How then can we get those equations above?
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The vertex forms above are from these: (y — ) 4p(x — u) and (x — u)’ = 4p(y —v).
And the equations above are in the vertex form, too.

Modifying the forms above, we can get the vertex forms.

And modifying the second of the two above, we can get

(x—u)2=4p(y—v):>y—v=L(x—u)2:>y=L(x—u)2—v.
4p 4p

. 1 .

So setting m =4—, and using k and / as constants, we get y = m(x — h)’ + k.
p

And also, simplifying an equation in the vertex form above, we can get an equation in
the non-vertex form as follows. y = ax® + bx + c.
How then can we get these equations: (y — v)* = dp(x — u) and (x — u)* = dp(y — v)?
A parabola is a set of points. Then, a set of what points?
A parabola is a set of points, from each of which, the distance to a particular point is the
same as the distance to a particular line. And the particular point is called the focus, and

the particular line is called the directrix.

Thus, no matter what point we may choose in a parabola, the distance from the point to
the focus is the same as the distance from the point to directrix. So?

So using the fact above, we can come up with an equation of a parabola.

And in fact, the form (x — u)? = 4p(y — v) is from a form x* = 4py, which is the simplest

: 1 L . .
vertex form. And setting p =Z , we get y = x%, which is the simplest equation of a

parabola, and thus, can be called the prototype in equations for parabolas.

And translating the curve of x* = 4py in the amount of u along the x-axis, and in the
amount of v along the y-axis, we get the curve of (x — u)* = 4p(y — v).

And in the next section, you will get to see how you can get the simplest vertex form as
follows. x* = 4py.
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0. Yertex Forms 1

Usually, we use as the vertex form, the equation as follows.
y=alx- k)* + h, where a, k and h are constant

For instance, y = 2(x — 1)* + 3 is in the vertex form. It’s not the only form, though, we
can use when producing an equation of a parabola in the vertex form. We can put it this
way, t00: y — h = a(x — k)*. And some other ways, t00.

So for instance, we can have y = 2x2,y =x+ 1,3y= X+ L2(y-3)=3(x- 1)2, etc.
It’s because looking at the equation only, we can quickly see the vertex. So we have
quite a few versions of vertex forms. And in fact, they are all from this form: x* = my,
which can be thus, taken as the most basic or the simplest vertex form.

And we are going to get the form now, going through derivation processes. And the
derivation begins with the definition for parabolas. And the definition can be as follows.

A parabola is in a plane, and is a set of points, from each of which, the distance to the
focus is the same as the distance to the directrix.

So no matter what point we may choose in a parabola, the distance from the point to the
focus is the same as the distance from the point to the directrix.

Using thus, the fact above, we can come up with the simplest vertex form.
So suppose first, F(0, p) is a point in the x-y plane, 4 is a curve, and D is a line y = -p.

Suppose next, P(x, y) is an arbitrary point in the curve 4. So the point P represents all
the points in the curve A.

And suppose now, P is moving along the curve 4 covering all the points in 4, and the
point P keeps the same distance away from both the point F and the line D.
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Then, capturing a moment while P is moving, we can get a snapshot as follows.

Fig. 0 y
FQO,p)-___
- P Y)
v“"; ]
______ = >
D, oY= D
D) a”
'\\\\\
b (xs 'P)

Suppose now, U is the distance between the two points P(x, y) and F(0, p), and V' is the
distance from the point P(x, y) to the line D.
We can get the distances using the distance formula, often called Pythagorean Theorem.

How then can we apply the distance formula?

Assuming d is the distance between two points, Ax is the difference in x-coordinates,
and Ay is the difference in y-coordinates, we can put the formula the way as follows.

= (Ax)* + Ay’

So using the distance formula, we can get

U'=(x-0+@-p)and V¥’ =(x-x)"+{y-(p)}-
So we now have U* =x* + (y — p)’, and V* = (y + p)~.

Next, we know P keeps the same distance away from both F and D. So we get

UC=V=x+@-p)l=@+p) =X+ —2py+p*=y"+2py +p* = x* = dpy.
What then did we get?

We got an equation expressed in terms of the coordinates of the point P(x, y), that is, we
got an equation in terms of x and y. And we call such an equation a connective equation.
So in this case, the connective equation is the equation that connects the two variables
used as the coordinates of the arbitrary point P(x, y) in the curve A4.
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The equation explains every point in the curve A, that is, it indicates the curve A.
And we call 4 a parabola. So the equation is called the equation of the parabola A.

Thus the equation of the parabola A is x* = 4py.

And assuming p > 0, and putting the parabola A4 in the x-y plane, we get this:

Fig. 1 y

And F is called the focus, and D is called the directrix.
So the focus is at (0, p), and the directrix is a line y = -p, which is parallel to the x-axis.

And in the case above, we can notice that the point at the origin is closest to the focus,
and is the midpoint between the directrix and the focus. And we call the point at the
origin O, the vertex. So the vertex of the parabola x* = 4py is at the origin O(0, 0).
What then is the vertex about?

First, the vertex of a parabola is the midpoint between the directrix and the focus.

Next, of all the points in a parabola, the vertex is the closest to the focus, and the
directrix, too, of course.

The vertex is the point where the parabola changes its behavior, and is often called the
maximum or the minimum point.

Also, the vertex is the point the axis of symmetry passes through.

So the vertex is an important point, and is a critical point in a parabola.

What then about p at the focus (0, p)?
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The parabola 4 has the focus, and we know that the vertex in the parabola A is at O(0, 0).
So we can notice that p is the distance from the focus and the vertex.

Thus, p can be called the focal distance of the parabola A.

And of course, since the directrix of the parabola A is the line y = -p, and the vertex is

the midpoint between the focus and the directrix, the distance from the vertex to the
directrix is p, too.

Next, setting p = 2 in x? = 4py, we get y = x*, which is quite familiar, isn’t it?

The equation y = x* is the simplest of all equations indicating parabolas.
And all the variations can be easily made from the equation y = x7.

So we can call it the prototype in parabolas. (Note however, that in no other book, it is
called that way.)

: 1 : 1
And we can put x* = 4py this way: y = 4—x2. Then, settinga = P we get y = ax’.
p P

What then is the vertex of the parabola y = x*?

We know that the vertex is the midpoint between the focus and the directrix.
And we know that the focus of x* = 4py is (0, p), and the directrix is y = -p.
So the vertex of x* = 4py is at 0(0, 0).

And we know that setting p = %in x* =4py, we gety =x".

: 1 . o 1
So the focus of y =x?is (0, Z) , and the directrix is a line y = 7

And the midpoint between the focus and the directrix above is O(0, 0), the origin.
So as in the case of 4py = x?, the vertex of the parabola y = x is at the origin 0(0, 0), too.
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/
/
/
[e—

Also, the parabola above is symmetric about the y-axis.

And the axis of symmetry is perpendicular to the directrix, and includes the vertex (0, 0).
Thus, the axis of symmetry of y = x* is a line x = 0, which is the y-axis. Besides, in this
case, the parabola is said to be open upwardly, and is often said to be concave-up.

Now, what if this time, the directrix is a line y = p, and the focus is at (0, -p)?

Then, the parabola is x* = -4py. How then can we get the equation?

Assuming first, B is the parabola, and P(x, y) is an arbitrary point in the parabola B, we
can say that the point P represents all the points in the parabola B.

So next, assuming now, P is moving along the parabola B covering all the points in B,
we can say that the point P keeps the same distance away from both the focus (0, -p) and
the directrix y = p.

Then, capturing a moment while P is moving, we can get a snapshot as follows.

Fig. 3
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Then again, assuming U is the distance from P(x, y) to the focus (0, -p), and V' is the
distance between P(x, y) and the directrix y = p, we get

U=x-0"+{y-(py =x'+@+p)and V= (x-0)"+@-p)’'=0-p)
Next, we know P keeps the same distance away from the focus and directrix. So we get
U=V =xX+@+p)=0-p’=>x"+y +2py+p’ =y - 2py+p’ = x"=-4py.

Thus, the connective equation between x and y is x* = -4py, and x and y are the
coordinates of the arbitrary point P(x, y) of the parabola B.

So x* = -4py is the equation of the parabola B, which is in the figure below.

Fig. 4 Ya

>
x
.- X" =-dpy
o : 1
And of course, in this case, too, we can put x> = -4py this way: y = —4—x2 .
p

Then, settinga = —4—, we gety = axz, which is quite familiar, too, isn’t it?
p

And next, setting p = % inx?= -4pyoriny = —%xz, we gety = 7
p

What then is the vertex of the parabola y = -x*?
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We know that the vertex is the midpoint between the focus and the directrix.
And we know that the focus of x* = -4py is (0, -p), and the directrix is y = p.

So the vertex of x* = -4py is at 0(0, 0).

. 1.
And we know that setting p = 2 in x* = -4py, we get y = -x>,

. 1 : . 1
So the focus of y = -x? is (0, — Z) , and the directrix is a line y = 1

And the midpoint between the focus and the directrix above is O(0, 0), the origin.

So as in the case of -4py = x*, that is, 4py = -x?, the vertex of the parabola y = -x” is at
the origin O(0, 0), too.

Fig. 6 yA 1
y=3
»’/
>
X
y==x
(U

Also, the parabola above is symmetric about the y-axis.
And the axis of symmetry is perpendicular to the directrix, and includes the vertex (0, 0).
Thus, the axis of symmetry of y = -x* is a line x = 0, too, which is the y-axis.

Besides, in this case, the parabola is said to be open downwardly, and is often said to be
concave-down.
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1.5.vertex Forms 2

A parabola is a set of points, from each of which, the distance to a particular point called
the focus is the same as the distance to a particular line called the directrix.

So no matter what point we may choose in a parabola, the distance from the point to the
focus is the same as the distance from the point to the directrix.

Using thus, the fact above, we can come up with an equation of a parabola.

Suppose this time, the focus is at (p, 0), and the directrix is a line x = -p.
Then, the parabola is y* = 4px. How then can we get the equation?

Assuming first, 4 is the parabola, and P(x, y) is an arbitrary point in the parabola 4, we
can say that the point P represents all the points in the parabola A.

So next, assuming now, P is moving along the parabola A4, and taking a snapshot of P,
we can put it the way as follows.

Fig. 0
A

(P59 o+

S~
~
~

~
~

A

x=-

-p 6

Next, assuming U is the distance from P(x, y) to the focus (p, 0), and V is the distance
between P(x, y) and the directrix x = -p, we get

U=x-p)+@-0Y=@-p)+y’ and V' ={x-(p)}’ + (r-y)* = (x + p)*.
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And next, since P keeps the same distance away from both the focus and the directrix,
we get

U=V'= (x-p) +y'=(c+p) =>x"=2px+p +y" =x" +2px +p’ =" = 4px.

So the connective equation between x and y is y* = 4px, and x and y are the coordinates
of the arbitrary point P(x, y) of the parabola A.

Thus, ? = 4px is the equation of the parabola A, which is in the figure below.
y D. q p g

Fig. 1 y - P(x,y)
x=p._ . (7, 0)
\\\A ////
‘/
_p > x
/ y2 =4px

. 1
And of course, we can put y* = 4px this way: x = ™ yr.

. 1
Then, settinga =—, we getx = ayz.
4p

. 1. . 1
And next, setting p = 1 n y2 =4pxorinx = 4—y2 , We getx =y2.
p

What then is the vertex of the parabola x = y*?

We know that the vertex is the midpoint between the focus and the directrix.
And we know that the focus of y* = 4px is (p, 0), and the directrix is x = -p.

So the vertex of y* = 4px is at 0(0, 0).

. 1.
And we know that setting p = 2 in y* = 4px, we get x =%,

: 1 . C 1
So the focus of x = y2 is (0, Z) , and the directrix is a line x = 7
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And the midpoint between the focus and the directrix above is O(0, 0), the origin.
So as in the case of y* = 4px, the vertex of the parabola x = y” is at the origin 0(0, 0), too.

Fig. 2
g yA
i
TP, y)
__1 1
x——z ~_ ) /(0,7
~a . >
-
] >x
L x=y
A’/

Also, the parabola above is symmetric about the x-axis.
And the axis of symmetry is perpendicular to the directrix, and includes the vertex (0, 0).

Thus, the axis of symmetry of x = y* is a line y = 0, too, which is the x-axis. Besides, in
this case, the parabola is said to be open to the right, and can be said to be concave-right.
What if this time, the focus is at (-p, 0), and the directrix is a line y = p?

Then, the parabola is y* = -4px. How then, can we get the equation?

Assuming again, B is the parabola, and P(x, y) is an arbitrary point in the parabola B,
and is now, moving along the parabola B, we can put a snapshot of P the way below.

Fig. 3
y\
P(x, y)..__

e {t—0 ()

('P, 0) ~
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Next, assuming U is the distance from P(x, y) to the focus (-p, 0), and V is the distance
between P(x, y) and the directrix x = p, we get

U=y +@-0"=@+p)+y and V= (x-p)'+ (¢ -p)'=(x-p)
And next, since both distances are the same, we get
UV=V> (x+p)2+y2=(x—p)2 :x2+2px+p2+y2 =x2—2px+p2 :yz = -4px.

So the connective equation between x and y is y* = -4px, and x and y are the coordinates
of the arbitrary point P(x, y) of the parabola B.
Thus, y* = -4px is the equation of the parabola B, which is in the figure below.

Fig. 4
yA
P(x,y).__
('P’ 0) ~e
> x
And of course, in this case, too, we can put y* = -4px this way: x = —— p>.

4p

. 1
Then, settinga = ———, we getx = ayz.
4p

And next, setting p = % in y2 =-4pxorinx = —4L y2 , We getx = -yz.
p

What then is the vertex of the parabola x = -*?

We know that the vertex is the midpoint between the focus and the directrix.
And we know that the focus of y* = -4px is (-p, 0), and the directrix is x = p.

So the vertex of y* = -4px is at 0(0, 0).

And we know that setting p = %in y* = -4px, we get x = .
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. 1 : . 1
So the focus of x = -y* is (0, — Z) , and the directrix is a line x = rk

And the midpoint between the focus and the directrix above is (0, 0), the origin.

So as in the case of y* = -4px, the vertex of the parabola x = -y* is at the origin (0, 0), too.

Fig. 5 P(x,y)
\\‘
—19 _x=1
( 4° ) ~ 4’”,’ 4
>x
x= -y2 .
a

Also, the parabola above is symmetric about the x-axis.

And the axis of symmetry is perpendicular to the directrix, and includes the vertex (0, 0).
Thus, the axis of symmetry of x = -y* is a line y = 0, too, which is the x-axis. Besides, in
this case, the parabola is said to be open to the left, and can be said to be concave-left.
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6. Vertex Forms 3

To begin with, putting a parabola in an equation, we can get

x* = 4py, where p is constant. What parabola then is it?

It is a parabola vertical, the vertex is the origin O(0, 0), the axis of symmetry is x = 0,
that is, the y-axis, the focus is at (0, p), and the directrix is a line y = -p.

And assuming p > 0, V'is the vertex, F is the focus, and A4 is the parabola, we can put
them all in the x-y plane the way as follows.

Fig. 0

What if its vertex is at a point other than the origin?

For instance, moving (translating) 4 so that the vertex is at (2, 1), we get a new parabola,
so we get a new equation. What then will the new equation be?

Assuming the new parabola is T, we can get T translating the parabola 4 in the amount
of 2 in the direction of the x-axis, and in the amount of 1 in the direction of the y-axis.
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Fig. 1

Note that the two parabolas themselves are the same, but have different equations

>
X
y=-p.
A
Fig. 2 vy V&1 Fe,p+)
p+1 g
y =\1 \‘\
\\4 v
y=-p+1
a 2
Y

Then, the equation of the parabola T is (x — 2)! = 4p(y — 1) where p > 0.

(Note that we still get 4p, because the focal distance p did not change. Translations do
not change shapes, so the focal distance p does not change either.)

And in general, we can put a vertical parabola in an equation the way as follows.

(x — u)* = 4p(y — v) where p, u, and v are constant.

Then, the vertex of the parabola above is (u, v), the axis of symmetry is x = u, the focus
is (u, p +v), and the directrix isy =-p + v.

If p > 0, the parabola is concave-up. And if p <0, the parabola is concave-down.

And the equation above is said to be in the vertex form.
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And note that the equation above can indicate a vertical parabola only. If a parabola is
vertical, the axis of symmetry is perpendicular to the x-axis.

What if a parabola is not perpendicular, and thus, is slanted as the parabola below?

Fig. 3
0 A

Given the focus and the directrix, we can derive the equation using the definition for
parabolas, or can get the equation applying a transformation to a perpendicular parabola.
And the transformation is covered in the section Transformation by Turning in the book

GRAPH OPERATIONS.

Let’s now, for practice purposes, get this equation (x — u)* = 4p(y — v). We are going to
get it doing the derivation as done in the previous sections.

To begin with, a parabola is a set of points, from each of which, the distance to the focus
is the same as the distance to the directrix.

So no matter what point we may choose in a parabola, the distance from the point to the
focus is the same as the distance from the point to the directrix.

Using thus, the fact above, we can come up with an equation of a parabola.
So suppose now that the focus is (u, p + v), and the directrix is y =-p + v.

Then again, if G is the parabola, and P(x, y) is an arbitrary point in G, assuming P is
now moving along the parabola G, we can put the snapshot of P the way as follows.
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Fig. 4 y V(u, v) /F(u,p+v)
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Next, assuming again, U is the distance from P(x, y) to the focus (u, p + v), and V' is the
distance between P(x, y) and the directrix y =-p + v, we get

U=(x—u)+{y—-@+v,and V= (x-x)*+ {y—(p+ )}

Sowe get U2 =(x—u)*+(y—p—-v),and V2= (@ +p-v)

And next, since the two distances are the same, we get

UV=V=x-w)'+@-p-W=@p+p-W=>x-w=0+p-v)/'-@-p-»_
Meanwhile, we have an identity A* - B*=(4 - B)(4 + B).

So we get (x—u)’ ={+p-v) -y -p-VHE+p-v)+@E-p-)}
=@t+tp-—v-y+ptV+p-v+y—p-v)=2p2y-2v)=4p(y - ).

Thus, we get (x — u)? = 4p(y — v), which is the equation of the parabola G
And putting the parabola G in a graph, we can put it the way as follows.

Fig. 5 Ja E/(u, V) F(u,p +v)
pty \\ o
ysv ‘\\
\\4 ‘ﬁ
y=-ptv
AN 0 u
X
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Note that the distance from the focus to the vertex is p, which is of course, the distance
form the vertex to the directrix, too.
2 . 1 2
And of course, we can put (x — u)” = 4p(y — v) this way: y—v = 4—(x —u)”.
p
Then, setting m =—, we get y — v =m(x — u)* =y = m(x — u)* + v.
p

The equation above is often used in high school math, and is called the vertex form.
follows.

Assuming for instance, the vertex is (1, 2), and p =2, we can put the parabola the way as

Fig. 6 Yy, Ve CF2,2+1)
3 )
r=<1 i
Y ~_
y=p+tl=-1
a 1 2 "
N

And of course, the equation of the parabola above is (x — 2)* = 8(y — 1).
Next, putting another parabola in an equation, we can get

y* = 4px, where p is constant.

What parabola then is it?

It is a parabola horizontal, the vertex is the origin (0, 0), the axis of symmetry is y =0,
that is, the x-axis, the focus is at (p, 0), and the directrix is a line x = -p.

And assuming p > 0, V' is the vertex, F is the focus, and B is the parabola, we can put
them all in the x-y plane the way as follows.
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Fig. 7 Ya . P(x,y) y*=dpx forp>0
o—H—
X=-p-__ . @,0)
\\\A ////
K/
-p . >.x
10,0

_-B

What if again, its vertex is at a point other than the origin?

For instance, moving (translating) the parabola B so that the vertex is at (1, 4), we get a
new parabola, so we get a new equation. What then will the new equation be?

Assuming the new parabola is S, we can get S translating the parabola B in the amount
of 1 in the direction of the x-axis, and in the amount of 4 in the direction of the y-axis.

Then, to get straight to the point, the equation of S is (y — 4)* = 4p(x — 1).
And we can put B and § in their graphs the way as follows.

Fig. 8 y=dpxforp>0
W0, 0)
x=p CF@p,0)
\\\A ////
‘/
° >
y! p X
.- B
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@y -4)=4p(x—1) forp>0

Fig. 9 ¥y
V(1, 4) /F(p+1,4) y=4

/
/
7/

x=-p+1\\

A

A

The equation of the parabola S is (y — 4)* = 4p(x — 1) where p > 0.

(Note that 4p remains the same, because the focal distance p did not change.
Translations do not change shapes, so the focal distance p does not change either.)
And in general, we can put a horizontal parabola in an equation the way as follows.

(v — v)? = 4p(x — u) where p, u, and v are constant.

Then, the vertex of the parabola above is (u, v), the focus is (p + u, v), and the directrix
isalinex=-p+u.

If p > 0, the parabola is concave-right, that is, open to the right. If however, p <0, the
parabola is concave-left, that is, open to the left.

And the equation above is said to be in the vertex form, too.

Note however, the equation above can indicate a horizontal parabola only. If a parabola
is horizontal, the axis of symmetry is parallel to the x-axis.

Let’s now, for practice purposes, get this equation: (y — v)* = 4p(x — u).
We are going to get it doing the derivation as done in the previous sections.

To begin with, a parabola is a set of points, from each of which, the distance to the focus
is the same as the distance to the directrix.

So no matter what point we may choose in a parabola, the distance from the point to the
focus is the same as the distance from the point to the directrix.
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Using thus, the fact above, we can come up with an equation of a parabola.
So suppose now that the focus is (p + u, v), and the directrix isx =-p + u.

Then again, if H is the parabola, and P(x, y) is an arbitrary point in H, assuming P is
now moving along the parabola H, we can put the snapshot of P the way as follows.

Fig. A
yA
WMu,v)  Fptuv) y=v
S // //, //
s ‘K X [ 2
(p + u, YW —{—9+--— P(x, )
PR ) > >
O u p >x

Next, assuming again, U is the distance from P(x, y) to the focus (p + u, v), and V' is the
distance between P(x, y) and the directrix x =-p + u, we get

U=x-@p+uwy+@-vand V= {x-(p+u}’+@-y.
So we get U2=(x—p—u)2+(y—v)2, and V2=(x+p—u)2.

And next, since the two distances are the same, we get
UV=V=>x-p-w+@p-vW=x+p-u)=>@-v=+p-u'-(x-p-un’

Meanwhile, we have an identity 4> — B* = (4 — B)(4 + B).
Sowe get (p—v)' ={(x+p—u) - (x—p-w}{(x+p—u)+ (x—p—u)}
=x+tp-u—-x+ptu(x+p—-u+x-—p-—u)=2p2x-2u)=4p(x — u).

Thus, we get (y — v)* = 4p(x — u), which is the equation of the parabola H.
And putting the parabola H in a graph, we can put it the way as follows.
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Fig. B y
4 /V(u,v) F@+tu,v) y=v
=_p+ . / s //
x=-ptu e J
--H
«— >
(0 X

Note that the distance from the focus to the vertex is p, which is of course, the distance

from the vertex to the directrix, too.

1
And of course, we can put (y — v)? = 4p(x — u) this way: x —u = 4—(y —-v)2.
p

1
Then, settingm = 1’ we getx —u=m@y —v): =>x=m(@y—v) +u.
p

The equation above is often used in high school math, and is called the vertex form.

Assuming for instance, the vertex is (1, 4), and p =2, we can put the parabola the way as

follows.
Fig. C y
4 /V(1,4) F2+1,4) y=4
=2+1. ‘ ’
- K
SA
«—H .
-] 0 X
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And in (y — v)* = 4p(x — u), replacing p with 2, u with 1, and v with 4, we get

(v — 4)* = 8(x — 1), which is the equation of the parabola above, and can be put the way,

1 D . 1
too, of course: x —1= g(y —4)*, which is often put this way, too: x = g(y —4)* +1.
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1.7.General Equations

As mentioned earlier in the previous sections, the equations in the vertex form can
indicate parabolas that are perpendicular only. If a parabola is perpendicular, the axis of
symmetry is perpendicular to the x-axis or parallel to the x-axis. If the axis of symmetry
is vertical (perpendicular to the x-axis), the parabola is vertical, and if the axis of
symmetry is horizontal (parallel to the x-axis), the parabola is horizontal.

What then about equations that can indicate parabolas of all kinds?

Expressing a parabola perpendicular or not, we can use an equation as follows.

ax2+by2+cxy+dx+ey+f=0

where a, b, ¢, d, e, and f are constant, of course.

The equation above can however, indicate other conic, too.
The conic that the equation indicates depends on the values of the constants.
If it indicates a parabola, it has to meet some conditions on the constants as follows.

ax2+by2+cxy+dx+ey+f=0

where ab>0and a®> +b*#0ifc #0.

What do we mean by ab > 0 and a* + b* # 0 if ¢ = 0?

First, “ab > 0 and a® + b* # 0” means that a and b have the same sign, and cannot be 0 at
the same time.

So “ab > 0 and a* + b* # 0 if ¢ # 0” means that if ¢ is not 0, one of a and b is nonzero,
and if both are nonzero, both have the same sign.
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Thus, if ¢ # 0, then if ab > 0 and A+ b= 0, the equation indicates a parabola, and the
parabola is skewed or slanted.

That is, if ¢ # 0, and the equation indicates a parabola, the parabola is not perpendicular.
What if ¢ = 0?

Then, either a or b is 0.
Soife=0,wegetax’ +dx+ey+f=0orby* +dx+ey+f=0.
Note: ae # 0 in the first equation, so none of @ and e is 0, and bd # 0 in the second.

And we can call all those equations above general equations for parabolas, and the
equations are in the general form. How then can we get those general equations?

If we find the equation of a parabola slanted, the equation will be in the form as follows.
ax* + by’ + exy +dx + ey + f=0. How then can we find it?

Given the focus and the directrix, we can derive it using the definition for parabolas, or
can find it applying a transformation to an equation of a parabola perpendicular. And the

transformation can be called transformation by turning, which is covered in the book
Function Transformations. What then about parabolas perpendicular?

Weknowifc=0,wegetax2+dx+ey+f=00rby2+dx+ey+f=0_

Each equation above indicates in fact, a perpendicular parabola. The first is vertical, and
the second is horizontal. And each is in the non-vertex form. How then can we get it?

Simplifying the equations in the vertex form, we get the equations in the non-vertex
form.

That is to say that simplifying (x — u)? = m(y — v), we get an equation in the non-vertex
form as follows. ax* + dx + ey + f= 0, which indicates a parabola vertical.

(x—u)z=m(y—v):>x2—2ux+u2=my—mv:>x2—2ux—my+u2+mv=0.

So setting a =1, d = -2u, e = -m, and f= u* + mv, we get ax* + dx + ey + f= 0, because
all the letters other than x and y are all constants.
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And next, simplifying (y — v)* = m(x — u), we get an equation in the non-vertex form as
follows. by* + dx + ey + f= 0, which indicates a parabola horizontal.

So simplifying it, we get this:
(y—v)2=m(x—u):>y2—2vy+v2=mx—mu:>y2—2vy—mx+v2+mu=0.

So setting b =1, d = -2v, e =-m, and f=v* + mu, we get by* + dx + ey + f=0.

And usually, we use several different vertex forms when producing equations. So for
instance, all the equations below are in the vertex form, and the parabolas are vertical.

x-a)=m@y->0), ap-by=mx-c)’, y-b=m(x-c)’, y=m(x—a)+b,
x-1D*=3(p-2), 20-1D=x-3)%, y-5=2(x+3)% y=2(x+1)>+3, etc.

What then about the equations as follows?

X*=ay, y=cx’, bx*=ay, by=cx’, y=2x 3y=2x% etc.

They are in the vertex form, and all indicate vertical parabolas.
And all their vertices are at the origin.
Next, if the parabolas are horizontal, we can use the vertex forms the way as follows.

@-al=mx->b), ax-b)=m@y—-c)*, x-b=m@y-c)’, x=m(y—a)+b,
0-1)2=3(x-2), 2x-1)=@-3)%, x-5=2(p+3)% x=2(00+1)>+3, etc.
And the equations below are in the vertex form, and indicate horizontal parabolas.

2 byr=ax, bx=¢, x=2% 3x=2% etc.

y2 =ax, x=cy
What then about the non-vertex form?

If the parabola is vertical, we often use this form: ax’ + bx + ¢ + dy = 0 where ad = 0.
Note: ad # 0 means that neither of @ and d is 0.

Usually though, we put it this way: y = ax* + bx + ¢, where a # 0, of course.
So for instance, we can have y = X+ 2x+ 3, y= X —5x+ 2, y= x4 3x— 1, etc.
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Or sometimes, we can have one this way, too: y =1 — 5x — 3x%.
And the same is true for the non-vertex forms for horizontal parabolas, too.

So if it is horizontal, we often use this form: ay® + by + ¢ + dx = 0 where ad # 0.
Usually though, we put it this way: x = ay® + by + ¢, where a # 0, of course.

So for instance, we can have x=y* + 2y +3, x=p"—5y+2, x=-*+3p—1, etc.
Or sometimes, we can have one this way, too: x =1 — 5y — 3y’

How then can we put into the standard form an equation in the non-vertex form?

You can put it in this form: y=m(x —a)* + b, y=k(x—u)*+v, y=a(x-p)*+q, ctc.

They are all the same though. It all depends on your teacher’s preference of letters. And
the form is called the vertex form, because (p, ¢) is the vertex if we use y = a(x — p)* + ¢.

So converting for instance, y = ax” + bx + ¢ to the vertex form equivalent, we can do it
the way as follows. (Many people call this method the complete square method.)

.. b
To begin with, we get ax* +bx+c=a(x*+—x)+c¢
a

2 2 2
=a{x2+£x+ LANSNE }+c=a(x+i)2—a L2 +c
a 2a 2a 2a 2a

2 2 2
Meanwhile, we have -a [L] +c= —b— dac =— b” —4ac )

2a 4a 4a 4a
2 2
Sowegety=ax2+bx+c=a x+i —M.
2a 4a
2 2
Thus, we gety=a x+i —M.
2a 4a
2
. -4
Now, setting p = _ZL’ andg = _l)4—ac’ we gety=a(x—p)* +q.
a a

And the vertex is (p, ¢).
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: . . . . b
And notice that if a parabola is y = ax* + bx + ¢, the axis of symmetry is x = ~9g
a

For instance, assuming y = 2x* — 4x + 5, we can convert it to the vertex form equivalent,
that is, we can put it in the vertex form the way as follows.

p=2x"—dx+5=2("-2x)+5=2("-2x+1-1)+5=2(*-2x+1)-2+5
=2(x-1)*+3 >y=2x-— 1)*> + 3, which is now, in the vertex form. The vertex is (1, 3).

And notice that the axis of symmetry is x = 1.
For another instance, assuming y = -2x* — 3x + 5, we can put it in the vertex form the

way as follows.
2 2 2 2
y=-2x2-3x+5=—2{x2+§x+ 313 145=-2 4] 12[3) 45
2 4 4 4 4
2 2
=—2(x+%] +%+5:>y=—2(x+%j +4—89,which is now, in the vertex form.

And the vertex is (—%, 4—89) . And notice that the axis of symmetry is x = —%.

And the same is true for converting x = ay* + by + ¢ to the standard equivalent, too.

L b
So to begin with, we get ay2 +by+c= a(y2 +—y)+c
a

2 2 2
=a{y2+2y+(i) —(i }+c=a(y+i)2—a(iJ +c
a 2a

2a 2a 2a
2 2 2
. 4 —4
Meanwhile, we have —a i +c=—b—+ ac=_b ac'
2a 4a 4a 4a
) b\ b®-dac
Sowe getx=ay“"+by+c=a|l y+— | — .
2a 4a

b* —4ac

%
Thus, we getx=a(y+—) -
4a

2a
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, b b* -4
Now, settingq = EYE and p = _4—ac we getx =a(y — ¢1)2 +p.
a a

Note that the settings for p and ¢ are reversed in this case.
So in this case, too, the vertex is (p, q).

: : : . . b
And notice that if a parabola is x = ay* + by + ¢, the axis of symmetry is y = -y
a

For instance, assuming x = 2y* — 4y + 5, we can convert it to the vertex form equivalent,
that is, we can put it in the vertex form the way as follows.

x=2—4y+5=207-2p)+5=20"-2y+1-1)+5=2(0"-2p+1)-2+5
=2(y - 1)*+3 = x=2(y — 1)* + 3, which is now, in the vertex form. The vertex is (3, 1).

And notice that the axis of symmetry is y = 1.

For another instance, assuming x = -2y* — 3y + 5, we can put it in the vertex form the

way as follows.

2 2 2 2
x=-2y2—3y+5=—2{y2+%y+(%) —(%} }+5=—2(y+%) +2(%) +5

2 2
=—2[y+%) +§+5:> x=—2(y+%j +4—89,which is now in the vertex form.

. 49 3
And the vertex is (?, —Z).

. . . 3
And notice that the axis of symmetry is y =—Z.
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5. Half Parabolas

Sometimes, we get to use an equation as follows.
y=m\x-—s-+t

In the equation above, m, s, and ¢ are constant, of course, and m # 0.
What equation then is it?

It indicate a half parabola, so it is an equation of a half parabola.
There can be however, two different halves for a parabola.

If the parabola is vertical, it can be a left half or a right half.

If the parabola is horizontal, it can an upper half or a lower half.
So what half does the equation indicate?

Finding the equation of the parabola first, we get
y=m\NX—s+t=>y—t=m\x—s :>(y—t)2=m2(x—s).

So we can now see that the parabola is horizontal, and is concave-right, because m® > 0.
And the vertex is at (s, 7), and the axis of symmetry is y = 1.

. YA
Fig. 0
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What half then does the equation y = m+/x — s + ¢ indicate?

First, s and 7 are constant, and+/x — s can be defined for x > s, because what’s inside the

square root has to be greater than or equal to 0, thatis,x —§ >0, sox > s.

And next, we know+x—s 20 ifx>s.
So if m > 0, we getm~/x —s > 0, which means that the value of (m+/x —s +¢) increases

as x increases from s. If therefore, m > 0, y increases as x increases from s.

So if m > 0, the equation y = m+/x — s + ¢ indicates the upper half.

Next, if m <0, we getm~/x —s <0, which means that as x increases from s, the value of

(m~x—s+t)decreases. If therefore, m <0, y decreases as x increases from s.

So if m < 0, the equation y = m+/x — s + ¢ indicates the lower half.

By the way, translating a parabola y* = m*x by s in the direction of the x-axis, and also,
by #in the direction of the y-axis, we get the parabola (y — £)* = m*(x — s).

. . 1
Let’s for instance, put in a graph the curve of y = E\/ x—-2+1.
To begin with, we get

x—2 Vvx—=2 Vvx—2

- I y-1=—""S(y-1)’ =" x-2=4(y-1)~
y 5 y 5 (y-1 2 (-1

What parabola then is it?

Translating a parabola x = 4y by 2 along the x-axis, and by 1 along the y-axis, we get
the parabola x — 2 = 4(y — 1)
So it is a horizontal parabola, the vertex is (2, 1), and the axis of symmetry is y = 1.

1
Thus, y = E\/ x — 2 + lindicates the upper half of the horizontal parabola above, which is

x—2=4(y—1)%.  And putting them now in a graph, we get this:
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Fig. 1 N y=3~x—2+1 (the upper half)
2 4——"—:’-
| //
1 g I
6 \\\] s‘g~ :) 4 5 ......... 6 7 ..................... - >'xj
-1 e e S i \\\
x=4y"" y=-14Jx=2+1 (the lower half)

What then about this equation: x =m./y—¢ +s?

It indicates the right half or the left half of a parabola vertical.
What half then is it?

Finding the equation of the parabola first, we get

X=my—t+s=>x—s=my—t = (x-s5)=m’(y-1i.

So we can now see that the parabola is vertical, and is concave-up, because m* > 0. And
the vertex is at (s, 7), and the axis of symmetry is x =s.

Ya

PN

Fig. 2

What half then, does the equation x = m./ y — + s indicate?

First, s and 7 are constant, and/ y — ¢ can be defined for y > ¢, because what’s inside the

square root has to be greater than or equal to 0, thatis,y—¢>0,soy >t
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And next, we know./y—t 20 ify>¢

So if m >0, we getm./y —t > 0, which means that the value of m./y—t + s increases as

yincreases from ¢.  If therefore, m > 0, x increases as y increases from y.

So if m > 0, the equation x = m./ y — ¢ + s indicates the right half.

Next, if m <0, we getm,/y —t < 0,which means that as y increases from ¢, the value of

m./y—t + sdecreases. If therefore, m <0, x decreases as y increases from #.

So if m <0, the equation x = m./ y — ¢ + s indicates the left half.

And translating a parabola y* = m*x by s in the direction of the x-axis, and also, by # in
the direction of the y-axis, we get the parabola (y — 7)* = m*(x — s).

Let’s for instance, put in a graph the curve of x = %«/ y—-1+2.

To begin with, we get

=1

2

+2=>x-2=

X =

Jy-1 -1
yz = (x—2) =yT:> y—1=4(x-2)".

What parabola then is it?

Translating a parabola y = 4x” by 2 along the x-axis, and by 1 along the y-axis, we get
the parabola y — 1 = 4(x — 2)*.
So it is a vertical parabola, the vertex is (2, 1), and the axis of symmetry is x = 2.

1
And thus, x = E,/ y—1+2 indicates the right half of the vertical parabola above, which

isy—1=4(x-2)%. And putting them now in a graph, we get this:
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Fig. 3 y x =-1./y—1+2(the left half)
A -
v
‘ = il+____ __________ x =3/ —1+2 (the right half)
RN L ¥=5
______ SN N R
,l‘ . : A,//
=4 iy
2T T 01T 2345 P«

And the left half of the parabola is x = —%\/y -1+2.
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.. EQuations for Parabolas 2

Doing problems, we often need to find a curve such as a line or parabola.

Finding a curve, we find the equation of it.

We can’t just find it, of course. We want to know the information on the curve to be
found. So we want to get the information first. What information then do we need?

Let’s begin with necessary information to find a line.
What information then do we need?

Finding a line, we need the slope and a point in the line. What if no slope is given?

Then, we need two points in the line. So finding a line, we need either of the two as
follows

One point in the line and the slope of the line
Two points in the line

Suppose for instance, the slope is @, and a point (s, #) is in the line.
Then, the line is y — ¢ = a(x — s).

Suppose next, two points (s, ) and (#, v) are in the line.

v—t S v
,and the lineis y—¢ =
u—s u

. —t
Then, the slope is (x-5).
—-s
v—1
u—-s
Both are the same equations.

What then about this: y—v = (x—u)?
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—t
yov=T(x—w)= (- )@ -s) = (V- D - 1)

u—=s
Syu—-ys—vutrvs=vx—vu—Iixt+ttu=yu—-ystvs=vx—ix+tu
=>x(v-0O)+y(s—u)=vs—tu

v—t
y—t=——(x-)=>@-Hu-5)=@-nx-ys)

u—=s
Syu—-ys—tutis=vx—-vSs—IXx+tis=>yu—-ys—tu=vx—vs—Ix
=>x(v-0O)+y(s—u)=vs—tu

Let’s now, move on to parabolas.

If the parabola is vertical, we can use an equation in the non-vertex form as follows.
y= ax® + bx + ¢, where a, b, and c are constant.

And if the parabola is horizontal, an equation in the non-vertex form is x = ay* + by + c.

So if using each of the equation above finding a particular parabola, we need to find a, b,
and ¢, which are three unknowns. So we need to solve a system of three equations.

Given a point in the parabola, we can use the coordinates of the point, and set up an
equation for the three unknowns, which are, of course, a, b, and c.

So given three points in the parabola, we can get a system of three equations.
Then, solving the system, we can get the parabola.
That’s not the only way though.

We can be given information many different ways.
If using the non-vertex form above to find the parabola, what we have to do is to find the
values of @, b, and c.

Knowing more about the equation in the non-vertex form above, we can often find the
parabola quickly and easily.
So let’s now take a close look at the non-vertex form, and see what we can use.
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If the parabola is vertical, we can use the non-vertex form: y = ax’ + bx + c.

. . . 1
Then, first, assuming p is the focal distance, we get |a| =4—.
p
Next, if concave-up, @ > 0, and if concave-down, a < 0.
So if we know the focal distance and the concavity, we can get a.

Isn’t there anything else then about the value of a?

It can be said that || indicates the slope of the parabola.
The bigger the value of |a|, the steeper the parabola.

For instance, in y = ax® + bx + ¢, we can see that y-value changes as x-value changes.
And the bigger the value of |a|, the faster the y-value changes as the x-value changes.

Fig. 0 A y=x"ie,x’=dpy where p=1

\ /

b |
A
\ 4
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Next, let’s have a look at some parabolas in the form of y = ax”.

For instance, consider the parabolas as follows.

1 1 1. .. . 1
y=5x2 = x= 2y=4-5y:> focus = (0, E)’ d1rectr1x:y=—5, and vertex = (0,0).
a2 » 1 1 PP N R | 3
y=2x"=>x —Ey—4-§y:>focus—(0, g), dlrectrlx.y——g,andvertex—(0,0).

1 1 1 1
y=d4x’ = x?= Zy = 4'Ry = focus = (0, E)’ directrix : y = TR and vertex = (0,0).

Fig. 1
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So we can see that as the value of a gets bigger in magnitude, the focus and directrix get
closer to the vertex. Also, the parabola gets more bent, that is, steeper or narrower.

Suppose now that we move a parabola, y = ax® by m along the x-axis and by n along the
y-axis. That is, we translate the parabola.

Then, the vertex, focus, etc. get translated in the same manner. So we get a new parabola.
The new one keeps the same shape as the original, but takes different position.

The equation of the new one is as follows. y — n = a(x — m)*.

So all the parabolas themselves in the graph in Fig. 2 are the same, but placed at
different locations respectively.

That’s because they all have the same value of a in magnitude. Mathematically however,

they are all different parabolas not only because each has a different equation, but also
because each has a different position in the coordinate plane.

Fig. 2 y

y—4=-a(x+3)

y+1=a@x-2)>
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yA Fig. 3
PR o p=2 A +2=2(x + 1)
2
€ p=X* 2+ 1= (x + 1)
1
>
0 I 2 3 4 x
-1
“«—- y=-x2—6x—9=-(x—3)2
2
«— y=2x"—12x - 18 = -2(x - 3)

Next, if putting y = ax* + bx + ¢ in a graph, we can notice some useful facts about the
constants.

The y-intercept is ¢, which is the y-value when x = 0.
. : —b L .
The axis of symmetry is x = EYE which is also the average of the two roots (x-intercepts).
a

: . b . c
The sum of the two roots (x-intercepts) is——, and the product of the two roots is —.
a a

.. b c m+n b
That is, if m and » are the two roots, we get m + n=——, mn =—, and =

a a 2 _E'
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Fig. 4 A a>0 ¥ a<Q e x=—%
[} :A”
A x=— :
\ g i »
A\ P n x 0 /m | n v
| : < feeer] | ...... »:
) ;: :4 ...... | ...... >

So assuming the parabola we want to find is y = ax® + bx + ¢, if using the facts above
setting up a system of three equations for a, b, and ¢, and solving the system, we find the
parabola. And setting up the system, we need one of the sets of information as follows.
1. Two points in the parabola, the focal distance, and the concavity

2. Two points and the y-intercept (The two points are in the parabola, of course.)

3. Two points and the axis of symmetry

4. Two points and the sum of the two roots

5. Two points and the product of the two roots

6. One point and the sum of and the product of the two roots.

Etc. So there can be many other cases we can consider.

Let’s see now what we can do in each of the cases above.
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1. Two points and the focal distance, along with the concavity

. . : . 1
First, assuming p is the focal distance, we get |a| =4—.
p

Next, if concave-up, @ > 0, and if concave-down, a < 0.
Next, using the two points, we can set up two equations for b and c.

So solving the system of the two equations, we can get b and ¢, and then the parabola.
For instance, the focal distance is i, and the parabola is concave-up, and has (1, 2) and
(2, 1).

Then first, assuming the parabola is y = ax* + bx + ¢, we get a = 1.
Next, since (1, 2) is in the parabola, we get2=a+b+c=1+b+c=>b+c=1.
Next, since (2, 1) is in the parabola, we get 1 =4a+2b+c=4+2b+c=2b+c=-3.

So next, solving the system, we getb+c=1=>c=1-b=>2b+c=2b+1-b=>b+1
=3=>b=4=c=1-b=1+4=5.

Thus, the parabola is y = x* — 4x + 5.

Fig. 5
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2. Two points and the y-intercept
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First, given the y-intercept, we are given the value of ¢, so we have only to set up two

equations, each of which is for @ and b, of course.
So next, using the two points given, we can set up the two equations.
Then, solving the system of the two, we can get @ and b, then the parabola.

For instance, the y-intercept is 4, and the parabola has (1, 2) and (2, 1).

Then first, assuming the parabola is y = ax* + bx + ¢, we get ¢ = 4.

Next, since (1, 2) is in the parabola, we get2=a+b+c=a+b+4=a+b=-2.

Next, using (2, 1), weget1 =4a+2b+c=4a+2b+4 = 4a+2bh=-3.

So next, solving the system, we geta+bh=-2=>b=-2-a

:>4a+2b=4a—4—2a=2a—4=-3:>2a=1:>a=%.

: 1
=>b=-2-a=-2 —l=—§. Thus, the parabolais y=—x* —§x+4.
2 2 2 2
Fig. 6 x=3_ =4

JA 4\\\: ,’y

2 |

! ot

0 1 2 | 3 <
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3. Two points and the axis of symmetry

First, given the axis of symmetry, we are given an equation for @ and b.

. . : . b
That’s because assuming for instance, the axis of symmetry is x =2, we get 2= Y
a
So we have only to set up two more equations.
So next, using the two points given, we can set up the two equations, each of which is
for a, b, and c.

And solving the system of the three equations, we can get a, b, and ¢, then the parabola.

For instance, the axis of symmetry is x = 3, and the parabola has (1, 2) and (2, 1).

Then first, assuming the parabola is y = ax’ + bx + ¢, we get3 = _Zi = b =-6a.
a

Next, using (1, 2), we get2=a + b + ¢, and using (2, 1), we get 1 =4a + 2b + c.
So next, solving the system, we can get first (da+2b+c)—(a+b+c)=1-2=-1

=3a+b=-1=>b=-3a-1= -6a=-3a-1, because we have b = -6a.

Soweget3a=1:>a=%:>b=-6a=-2.AndwehaveZ=a+b+c.

. 1 11
Soweget2=%—2+c:>c= % Thus, the parabola is y=§x2—2x+?.

Notice that there are infinitely many parabolas that can share the same set of two roots.

Fig.7 _ y y=4
A

[a—y
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4. Two points and the sum of the two roots

Given the sum of the two roots, we are given an equation for @ and b.

. b .
That’s because the sum of the two roots is —— if the parabola is y = ax* + bx + c.
a

. . . b
So assuming for instance, the sum is 3, we get3 =——.
a

So we have only to set up two more equations.

So next, using the two points given, we can set up the two equations, each of which is
for a, b, and c.

And solving the system of the three equations, we can get a, b, and ¢, then the parabola.
For instance, the sum of the two roots is 10, and the parabola has (1, 2) and (2, 1).

Then first, assuming the parabola is y = ax* + bx + ¢, we get10 = —2:> b=-10a.
a

Next, using (1, 2), we get2=a+ b + ¢, and using (2, 1), we get 1 =4a + 2b + c.
So next, solving the system, we can get first(da+2b+c)—(a+b+c)=1-2=-1

=>3a+b=-1=>b=-3a-1= -10a =-3a -1, because we have b =-10a.

Soweget7Ta=1=a= % :>b=-10a=—§.AndwehaveZ=a+b+c.

. 1 10 2
Thus, we get 2 =l—£+ c=>c¢ =2. So the parabola is y == x? ——x+—3.
7 7 7 7 7 7
Fig. 8
A
\\
2
1
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5. Two points and the product of the two roots

Given the product of the two roots, we are given an equation for @ and c.

. C . .
That’s because the product of the two roots is — if the parabola is y = ax* + bx + c.
a

. . : c
So assuming for instance, the product is 3, we get3 =—.
a

So we have only to set up two more equations.

So next, using the two points given, we can set up the two equations, each of which is
for a, b, and c.

And solving the system of the three equations, we can get a, b, and ¢, then the parabola.
For instance, the product of the two roots is 10, and the parabola has (1, 2) and (2, 1).

Then first, assuming the parabola is y = ax* + bx + ¢, we get10 = > c=10a
a

Next, using (1, 2), we get2=a + b + ¢, and using (2, 1), we get 1 =4a + 2b + c.

So next, solving the system, we can get first (da+2b+c)—-2(a+b+c)=1-4=-3

=2a-c=-3=>c=2a+3=10a =2a + 3, because we have ¢ = 10a.

Soweget8a=3:>a=%:>c=10a=175.AndwehaveZ=a+b+c.

1 1
Thus, we get 2 =§+ b +1—5:> b =—1—7. So the parabola isy=§x2 ——7x+—5.
8 4 8 8 8 4
Fig. 9 ¥y x=17/6 y=4
A \\\ /,/
\x /I

\
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How though, does the parabola above have no root?

It has no real root, but has two complex roots, which are not real numbers, of course.
The problem says just the product of the roots, and the product is 10.

And in fact, the product of the two complex roots is 10.

We can get the two complex roots using the quadratic formula. So using it, we can get

17£v-71 . . o . .
X = B which are not real numbers, since what’s inside the root sign is negative.
Taking however, the product of the two roots, we get

17+7=71 17-V=71 _17*—(-T1) _ 360 _
6 6 36 36

10.

6. One point and the sum of and the product of the two roots.

Assuming for instance, m and n are the two roots, the sum is p, and the product is ¢, we
cansetm+n=p,and mn =gq.

Then, the values of m and n are the two solutions to an equation a(x* — px + ¢) = 0.
That’s because we have m + n = p, and mn = ¢, so we can get

a(xz—l’x"'Q):O:>x2—px+q=0:>x2—(m+n)x+mn=0
=>x-m)(x—n)=0=>x=morn.

And we know m and n are the two roots of the parabola we want.
So y = a(x® — px + ¢) is the parabola, because m and n are the two roots of it.

And we know p and ¢, because both are given. So using the one point given, we can get
an equation for a, and solving the equation, we can get the value of a, then the parabola.

For instance, the sum of the two roots is 7, the product of the two is 10, and the parabola
has (1,2). Then first, we can assume that the parabola is y = a(x* — 7x + 10).

Next, using (1,2), weget2=a(1-7+10)=4a =>a =%.
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—1x+5.
2

2

1
=—Xx
2

So the parabola is y

)

0

Fig. A
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.0o. What is a circle?

A circle is in a plane, and is a set of points, from each of which,
the distance to a particular point called the center is the same.
And the same distance is called the radius.

Like a line and a parabola, a circle is one of the basic curves called conic sections, often
called conics for short. So a circle is a conic.

And a circle is a simply closed curved-line segment that is symmetric and has infinitely
many axes of symmetry, each of which is called a diameter.

Fig. 0 _--- diameter

radius --——______
“>~center

How then, can we get a circle?

As shown in the figure below, if cutting a right cone with a plane, we can get a cross
section called a circle. So it’s called a conic section, just called a conic for short.

And if a cone is a right cone, the line connecting the vertex of the cone and the center of
the base is perpendicular to the base, and thus, makes a right angle (90°) with the base.
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The cross section in black below is a curve closed, and is a circle. So if the plane is
parallel to the base, but does not include the vertex, the cross section is a circle.

Fig. 1

By the way, we have an object similar to a circle. Squeezing a circle, we get such an
object, if you will. Such an object is called an ellipse, which is a conic, too, and is the
closed curved line segment in gray in the figure above. So if the plane is neither parallel
to the base, nor passing through the base, and does not include the vertex, the cross
section is an ellipse.

If however, the plane is perpendicular to the base, and doesn’t include the vertex, or if
the plane is not parallel to the side of the cone (called the generator of the cone, too), and
passes through the base, we get a cross section called a hyperbola.

And we can also explain a circle the way as follows.
Suppose that a point is moving along a curve in the x-y plane, and that the distance from
the moving point to a particular point is constant. Then, the particular point is called the

center, the distance is called the radius, and the curve is a circle.

So if a point (x, y) is in a circle, no matter where the point (x, y) may be, the distance
from the point (x, y) to the point called the center is constant, that is, the same.
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How then can we explain or describe a particular circle?

Normally, in math, we put a circle in the x-y plain, and describe the circle specifying the
center as well as the radius.

So for instance, if a circle is centered at a point (5, 2) in the x-y plane, and its radius is 3,
we put the circle in a graph the way as follows.

Fig.2 y
A
5
/ LT
2 e
O 2\ 5 / 8 > X
-1

And in math, making a circle, we define it. So defining a circle particular, we make the
particular circle. How then can we define a particular circle?

As in the cases of other conics as a parabola, we can define a circle using an equation
that indicates the circle. So we can define a particular circle producing the equation of it.

For instance, assuming C is the circle described above, we can define C the way below.
(=5 + (-2 =3
And the equation above is in the standard form, and is a standard equation of a circle.

Putting the standard equation above in the general form, we just expand (or simplify) it.

Then, we get x* + y* — 10x — 4y + 20 = 0, which is a general equation of a circle.
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And in general, putting a circle in the standard form, we can put it the way as follows.

(x—u)2+(y—v)2=r2, where r # 0

What then do we mean by u, v, and r?

The center is at (u, v), and the radius is 7.

So just describing a particular circle, we often describe it specifying the radius. If
however, we define a particular circle placed in the x-y plane, we want to specify the

center and the radius.
And putting a circle in an equation in general, we can put it the way as follows.

x*+y* +ax+ by + ¢ =0, where a* + b* > 4c

And the equation above is in the general form, and is called a general equation of a
circle.
What do we mean by, though, this: a* + b* > 4¢?

It means that if the equation makes a circle, we get this: a* + % — 4¢ > 0.
So if we get a® + b* < 4c, the equation does not make a circle. Usually though, we just
put it this way: x* + y* + ax + by + ¢ = 0, assuming implicitly, a* + b* — 4¢ > 0.

For instance, x* + y* — 2x — 4y + 6 = 0 seems indicating a circle, but does not indicate it.

That’s because we get A+ —de=(2"+@)’-46=4+16-24=-4<0.

So we get a’ + b* —4c <0 = a* + b* < 4c.

And putting in fact, the equation in the standard form, we get

XAy -l —dy+6=x"-2x+1-1+) —dp+4-4+6=(x-1)+(-2)"+1=0

= (x — 1)? + (y — 2)* = -1, which is impossible, and does not indicate a circle.
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And we can give a name to an equation, too. For instance, assuming C is the equation of
the circle above, we can put C the way as follows.

Cx,p)=x*+y" +ax+by+c=0. What then about the standard equation?

Assuming S is the equation (x — u)? + (y — v)* = %, we can put S the way below, too.

S(x, )= (x—u)’*+ (y-v)*—r* =0, where r = 0. What if however, r = 0?

Then, the equation does not indicate a circle but just a point. What point then is it?

It is a point at (u, v). It’s because if (x — u)* + - ¥)? =0, (x — u) and (y — v) both have
to be 0 at the same time. So we get x = w and y = v, and thus, we just get this: (u, v).

And we know that there is no circle of radius 0. So if S indicates a circle, we get r # 0.

And it is not the case where the equation x* + y2 = * is defined for x real and y real.
(‘x real”’ means every real number can be x.)

The equation is in fact, defined for—-r <x<r,and -r<y<r.
That is, the domain is —# < x < r, and the range is —r <y < r.

That’s simply because the circle is of radius r, and is centered at the origin O(0, 0).

And moving the circle above in the amount of # along the x-axis, and in the amount of v
along the y-axis, we get another circle as follows. (x — u)” + (y —v)* = r%.
What circle then is it?

If we move the center of a circle, the circle moves the way the center gets moved.

So moving a circle, we move its center, keeping the radius intact, of course.
And in the case above, the center moves from the origin to the point (u, v).

So we can notice that the circle is (x — u)* + (y — v)* = r%, since the center is (u, v) and
the radius is 7. And it is not the case either the equation is defined for x real and y real.
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What then, are the domain and the range?

Itis defined for-r+u<x<a+r,and—r+v<y<r+v.
That is, the domainis u —r<x<u +r,and therangeisv—r<y<v+r.
So if a circle is of radius r and is centered at (u, v), we can put it in the standard equation
more specifically the way as follows.

x—u)l+@-v)=rwherer#0, u—r<x<u+randv-r<y<v+r
Normally though, we just put it this way: (x — u)> + (y — v)* = r*, assuming the others
implicitly, of course.
And a circle has some physical properties as follows.
To begin with, a circle can be said to be the simplest line segments curved and closed.
Suppose next, we have designated a particular point in the x-y plane.
Then, a circle is a set of all points from each of which the distance to the particular point
is constant. In other words, all the individual distances from all the points in the circle to
the particular point are the same. What then, is the particular point?

It is the center of the circle, of course. What then is the distance stated above?

It is the radius, of course. So a radius is a line segment connecting the center and a point
in the circle. What then is a line segment twice the radius?

It is a diameter, of course, and is passing through the center, and connecting two facing
points in the circle.
How then can we specify a circle? That is, what determines a particular circle?

The center and radius do so. Therefore, we can specify a circle by the center and radius.
A radius is the distance from the center of a circle to a point in the circle.
There are quite a few radii in a circle, then.
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They all have the same length, of course, and there are in fact, infinitely many of those.
Radii radiate from the center of a circle, if you will.

The radius radiates in every direction.

That is, the radii radiate from the center of a circle in all directions.

Besides, any line tangent to a circle is perpendicular to a line passing through the tangent
point and the center of the circle. Thus, a line tangent to the circle is perpendicular to the
line passing through the tangent point and the center of the circle.

So a line tangent to a circle is perpendicular to the radius that includes the tangent point.
Thus, a line tangent to a circle is perpendicular to any line parallel to that radius, too.
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... EQuations for Circles 1

To begin with, putting a circle in an equation, we can get this:
=5+ (@-2)°=9

What circle then is it?

We can put it this way, too: (x — 5)* + (y — 2)* = 3%

And it is a circle centered at (5, 2), and its radius is 3.
So we can put the circle in the x-y plane the way as follows.

Fig. 0 y
A

5

What circle then is the circle as follows?
X+ y2 =1

We can put it this way, too: X +y2 =1% or (x — 0)* + - 0)’ =12
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So the circle is centered at (0, 0), that is, at the origin, and the radius is 1.
And we call such a circle a unit circle, because the radius is 1, which is often called a
unit, too. And we can put the unit circle in the x-y plane the way as follows.

Ya

/ _®,0

Fig. 1

What if the center is at (1, 1), and the radius is 1?
Then, the circle will be as follows. (x—1)* + - 1)* =1

And we can put the circle above in a graph the way as follows.

Jy
Fig. 2 A
2
/ \ ,,,,,, (1, 1)
1 7 I
(I 1 2 tc

How then can we get such equations as above?

We know the fact that a circle is a set of points, from each of which, the distance to the
point called the center is constant, that is, the same. So?



Equations for Circles 1 123

So using the fact above, we can get the equation of a circle.

Thus, to begin with, suppose (u, v) is the center of a circle called C, a point T(x, y) is an
arbitrary point in the circle C, that is, a random point representing all the points in C, and
the distance from T to the center is r.

Then, the radius is the distance, that is, r, because every point in the center is the
distance away from the center. So we can put the point 7 in the x-y plane the way as

follows.
Fig. 3 ¥y
A
v+r
T, )
, o ///,
v A 4
>
0 u—r u u+r X
V—r

Suppose next, the point 7 is moving along the circle C.

Then, the distance from T(x, y) to the center is . How?

No matter where the point 7 may be in the circle C, the distance from the point 7 to the
center (u, v) is always the same, and is r. Using thus, the fact above, we can get the
equation of E.  How then can we use the fact?

We can use the distance formula, often called Pythagorean theorem.

What then do we get?

We get an equation expressed in terms of the coordinates of the point 7, that is, we get
an equation in terms of x and y. And we call such an equation a connective equation.
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So in this case, the connective equation is the equation that connects the two variables
used as the coordinates of the arbitrary point 7(x, y) in the curve called the circle C.
How then do we call the equation?

The equation explains every point in the circle C, that is, it indicates the circle C.
So the equation is called the equation of the circle C.

So let’s now get the equation. How then can we apply the distance formula?

Assuming d is the distance between two points, Ax is the difference in x-coordinates,
and Ay is the difference in y-coordinates, we can put the formula the way as follows.

4 = (Ax)* + Ay’
So using the distance formula, since the distance is r, we can get r* = (x — u)* + (y — v)%.

And the equation above is expressed in terms of the coordinates of the point T(x, y), so it
is an equation in terms of x and y. And we call such an equation a connective equation.

So in this case, the connective equation is the equation that connects the two variables
used as the coordinates of the arbitrary point T(x, y) in the curve called the circle C.

Thus, the equation of the circle Cis (x — u)’ + - v): =%, where r # 0.
And putting the circle C in the x-y plane, we get this:

Fig. 4 y

- (u,v)
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So we can now say that the circle C is centered at the point (#, v), and that the radius is r,
that is, the diameter is 2r.

And putting the circle C in its equation, we get (x — u)* + (y — v)* =%, where r # 0.

What equation then do we get if the center is at (-1, 3), and the radius is 2?

Itis(x+1)*+ (y-3)*= 2%, So for another instance, if the center is at the origin, and
the radius is r, the equation is x* + y* = r*

And if a circle is a unit circle centered at (2, -1), the equation is (x — 2)* + (y + 1) =12
What then, about the domain and the range?

If the equation of a circle is (x — u)’ + - v): =12 it is defined for-r + u <x<a+r,
and—r+v<y<r+v.

That is, the domainisu —r<x<u+r,and therangeisv—r<y<v+r.

What if the circle is x* + y* = #*?

Then, the domain is —r < x < r, that is, |x| < r, and also, the range is—r <y <ror|y|<r.

Fig. 5

=Y

Now, putting threads together, we have four equations as follows.
The circle of radius 1 centered at the origin is x> + y* = 1.
A unit circle, a circle of radius 1 centered at (a, b) is (x — a)* + - b’ =1.

A circle of radius r centered at (a, b) is (x — a)* + - b)* = #* where a, b, and r are
constant and > 0.
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The equation above is in the standard form.
And putting a circle in an equation in the general from, we get this:
x> +y* +ax + by + ¢ = 0 where a* + b* > 4¢
Let’s now, put some circles in one graph.
In Fig. 6 below, a circle centered at (a, b) with the radius of r is dotted in black.

A unit circle centered at (a, b) is in gray.
And the unit circle centered at the origin is in black.

Fig. 6
yA
x-a)+@-b’=r
y=b+r (x-a)’ +(@-b)'=1
y=bt1 O\ (a, b)

And if C is the unit circle centered at the origin O(0, 0), moving the circle C by a along
the x-axis, and by b along the y-axis, we get a unit circle centered at (a, b).

And the two circles on the right are called concentric circles, since both have the same

center.
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... EQUAtions for Circles 2

To begin with, putting a circle in an equation, we can get this:
(x—1)+ - 2)? = 3? What circle then is it?

It is a circle of radius 3 centered at (1, 2).
So we can put the circle in the x-y plane the way as follows.

Fig. 0
ig A
N 3
'y
-2 d | 4 >x
-1

What circle then is this? x> +y*=1

It is a circle of radius 1 centered at (0, 0), that is, at the origin, and is called a unit circle.
And we can put the unit circle in the x-y plane the way as follows.
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Fig. 1

k.

- (0,0)

What then about the equation as follows?  y=+1-x

It is not a circle but a half circle, and is the upper half of a circle where the radius is 1,
and the center is at the origin. So we can put it in a graph the way as follows.

Fig. 2 ¥

-1
And in fact, we can get y = 1-x? :yz =1-X=x +y2 =1.
What then about this: y = —v1—x? ?

It is a half circle, too, but is, this time, the lower half of the circle where the radius is 1,
and the center is at the origin. So we can put it in a graph the way as follows.

Ja
Fig. 3
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And we can get this, too, of course: y = —V1-x> = )?=1-x*=>x*+)*=1.

What then, about this equation: x = \/1— y* ?

It is a half circle, too, but is, this time, the right half of the circle of radius 1 centered at
the origin. So we can put it in a graph the way as follows.

Fig. 4 v,

1
0/ X
And we get this, too, of course: x =\1-y* = x*=1-)y = x* +)*=1.

And the left half is x = —1— y?.

What then about the equation as follows?  y =+/4—(x—1)?

e

It is a half circle, too, but is, this time, the upper half of a circle where the radius is 2,
and the center is at (1, 0). So the graph is as follows.

Fig. 5 yA

/

-1 0 1 3

>
X

d

And we get this, of course: y = \/4—(x—1)2 Sy=4-x-1=>@x-1)>+y'=4=2%
Similarly, the lower halfis y = —y/4—(x—1)* .  And the graph is this:
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Fig. 6 ¥y

What then about the right half?
Its equation is not this: x =/4—(y— 1)* , but this: x —1=+/4— y2 .

In other words, it isx =+/4— y? +1. And the graph is as follows.

Fig. 7

[\

N
R B

Andwe getx—1=\d4—y’ = (x-1)’=4—)" = (x-1)’+)’=4=2%

[

What then about the left half?

Its equation is this: x —1=—/4— y2 .

We can put it this way, too: x =1—/4— yr.
And the graph is as follows.
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Fig. 8
19 yA

-IVQ 1 X
2

What about the upper half of a circle where the radius is 3, and the center is at (1, 2)?

Its equation is y —2 = \/9— (x —1)*.

And we can put it this way, too: y =+/9—(x — 1)> +2. Andthe graph is as follows.

Fig. 9 y

A
3
2
-2 g 1 4 >x

What then about the lower half?

Its equation is y—2 = —/9—(x— 1)%.
Also, we can put it this way: y=—/9—(x—1)* +2.

It can be put this way, too: y =2—+/8— x? +2x if what’s inside the root is simplified.
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And the graph is this:
Fig. A
ig A
9, (1..92)
-2 g |1 4 >x
-1
What about the right half?

Its equation isx—1=\/9—(y—2)2 .
Also, we can put it this way: x = \/9—(y—2)2 +1.

Or it can be put this way, too: x = 1++/5— y* + 4y if what’s inside the root is simplified.

And the graph is as follows.

Fig. B
0 4
3
9, (1..92)
4 Ly =)
0o 1 4 >x
-1

What about the left half?
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Its equation is this: x = 1=—/9—(y— 2)%.
Also, we can put it this way, too: x =1—4/9—(y— 2)%.

It can be put this way, too: x=1—4/5- y* +4y if what’s inside the root is simplified.

And the graph is this:
Fig. C
g9 .VA
5
(1..2)
-2 g 1 >x
-1

What then about a quarter circle, that is, a quarter of a circle?

If it is the right upper quarter, and the whole circle is of radius 1, and is centered at the
origin, the graph is as follows.

Fig. D
ig yA
|
-1 (0, 1 X

Then, we can see that the quarter is defined for 0 <x < 1.
And the equation of the upper half is y =+/1—x?.

So the upper quarter is y = v1— x? for 0 < x < 1, which is the domain.
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And just producing this: y = v1— x* without the domain, we mean the largest possible

domain, so the domainis -1 <x<1.
So just showing this: y =v1— x?, we mean this: y=+1- x?for-1<x<1.

And by the same token, the lower quarter is y = —v1— x> for0 < x < 1.

What then about the lower left quarter of a circle where the center is at (1, 2) and the
radius is 3?

First, the lower halfis y—2=—/9—(x— 1)*. And the graph is as follows.

Fig. E
0 A
9, (1..92)
4 Ly =)
-2 (0 l 4 >x
-1

So the lower left quarter is y —2 = —/9—(x— 1)* for-2<x<1.

And with a similar manner, we can define many other parts of a circle.
So you may want to try some yourself.
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... EQUAtions for Circles 3

In math, making a circle or defining a circle, we put it in an equation, or produce the
equation of the circle. What then do we need making or defining a circle?

We need the radius and the center. What then do we do with those?

We can get the equation of the circle putting them into a template. And the template is
called the standard equation for circles. So we can call it a formula, too. And the
template is

(x—a)’+(@-b)=r
where (a, b) is the center, and r is the radius.

So for instance, if (-2, 3) is the center, and 2 is the radius, we can define the circle, and
the circle is (x + 2)* + (y — 3)> =22

Thus, given the center and the radius, we can quickly define the circle, that is, produce
the equation of it using the template above.
What if we are given only either of the two?

Given the center only, we can come up with infinitely many circles that share the center.
And we call those circles concentric circles.
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So given the center only, we cannot find the circle.

Next, given the radius only, we can come up with infinitely many circles, too, and each
circle has a different center. So given the radius only, we cannot find the circle, either.
What if this time, given a particular point, can we find a particular or unique circle
passing through the particular point?

No, we can’t. That’s because we can have more than one circle that can pass through the

particular point. We can have in fact, infinitely many of those.

Fig. 0

What if this time, we are given two particular points?

Then again, we can construct infinitely many circles that can share the two points.

Fig. 1

How about three particular points?



Equations for Circles 3 137

Then, we are likely to construct a particular circle. Why not definitely but likely?

That’s because if the three points are in a line, we are not able to make a circle.

Fig. 2

So the three points are not in a line if a circle includes the three.

Fig. 3

Having three points not in a line, we can make (define) a particular circle.
That is, only one circle passes though the three points. How then can we get the circle?

We can easily get it using the equation as follows. x* + y* + ax + by + ¢ =0. How?
Putting each of the three points into the equation, we get an equation for a, b, and c.
So we get a system of three equations for a, b, and c.

And solving the system, we can get the equation of the circle.

What then, about the standard equation as follows? (x — a)’ + - b)? = ¢

We can still use it in that case, too, where three points not in a line are given.

So let’s now find, for instance, a circle that has three points (1, 1), (2, 3), and (4, 2) using
the standard equation. Putting the three points in a graph, we get this:
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Fig. 4
A

O 1 23 4 5 «x

We’ll find the center first, and then, get the radius.

The three points are in a circle, so each point is the same distance away from the center.
We can use the distance formula to find the center, and the formula is @* = (Ax)2 + (Ay)z.

In the formula above, d is the distance between two points, Ax is the difference between
x-coordinates, and Ay is the difference between y-coordinates.

So assuming first, the center is (s, ), since the distance from each point to the center is
the same, we can get two equations the way as follows.

One is (a — 1)* + (b — 1)’ = (a — 2)* + (b — 3)* if we use two points (1, 1) and (2, 3).

And the other is (s — 1)* + (¢ — 1)’ = (s — 4)* + (¢ — 2)* if we use (1, 1) and (4, 2).

So we now have a system of two equations for s and ¢.
The equations above look complicated, but can be simplified by some factorizations.

We have a factorization identity, which is u* — v* = (u + v)(u —v). So we get
-D+@t-1)1=6-2"+t-3)'=>6-1)-(s-2)'=(@-3)" - (-1
={E-D+E-DHE-D-(6-2={(-)+(-DH{-3)-(¢-1)}

= (2s-3)1=Qt—4)(-2) > 25 -3=-4t+8=2s + 4t =11.
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-D*+@-1)=(-4'+@-2=>¢6-1)-(-4'=0-2"- -1

S{E-D+HEs-DHE-D (-} ={-2)+(-DH-2)-(@-1)}
= (25-5)3=(2t-3)(-1)=> 65— 15=-2t+3=> 65+ 2t =18 = 35 +1=09.

Thus, we get a new system simplified as follows. 2s + 42=11, and 3s +7=9.
Solving the system above, we can find the center (s, 7).
Then, we can directly put the center into the standard form (x — s)* + (y — §)* = e

So next, we want to get the radius, which is ¢ in this case.
We don’t really have to find ¢, though. Why not?

We have only to find ¢, since the equation (x — a)? + (y — b)* = ¢* has ¢* and not .

And the actual solution to the system is s =2.5, and 7 = 1.5.
Sowe getct=(s—1)*+(-1)*=Q2.5-1)+(1.5-1)*=1.5"+0.5>
_(3Y (1) 91 _10_5
2 2 4 4 2
. . 3., 1,
Therefore, the circle is(x — E) +(y- E) =

3
2
: 1 V10 ) . V10
Anyway, finding ¢, we get ¢* = vy =>c= iT , and ¢ is a radius, so we get ¢ = -5

Suppose this time, two points are given, one is the center, and the other is in a circle.
Then, the center is given, so we can take advantage of the standard equation as follows.

(x—a)’+ - b)? = ¢*, where (a, b) is the center, and ¢ is the radius.

First, putting the center into the form, we get an equation where c is the only unknown.
So next, to find ¢, we can put the other point into the equation.

Thus, for instance, if the center is (1, 2), putting it into the standard equation, we get

x-a)+@-b=c=>x-1)+@p-2)=c
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And next, if the point given is (2, 2), putting it into the equation above, we get

x-1D+@p-2==>2-1)+2-2==1=C
So the circle is (x — 1)2 + (- 2)2 =1, which is a unit circle centered at (1, 2).

Suppose this time, we are given two points and a radius, but the center is not given.
Then, we get to find not one circle particular but two particular circles. Why?

That is because in a plane, we can have not one but two particular points, each of which
is the same distance away from the two points given, and the same distance is the radius.
For instance, we can have two points C; and C; in the same plane, and each of C; and C;
is the same distance away from the two points given as in Fig. 5 below.

Fig. 5 G

So C; and C; are the centers of two particular circles, which have the same radii.

Then, we may want to begin with finding the two centers.

How do we find the two centers, though?
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We can use the idea of the center of a circle. What’s the idea?

The idea is that the center is the same distance away from every point in the circle, and
that the same distance is the radius.

The two centers can be thus, found by the distance formula.

So assuming for instance, the two points are (1, 2) and (3, 4), and the radius is 5,
we get a system of two equations for @ and b as follows.

One is (a — 1)* + (b — 2)* = 5%, and the other is (a — 3)* + (b — 4)* = 5%.

And we can get a simpler version of the system using a factorization.
We have a factorization identity, w—v'=(u+ v)(u—v). So we get

(@-1'+(}-2"=@-3"+0®-4"=>@-1"-(@-3"=0-4"-(b-2)

={@-D+@-I{@a-)-(@-3)={b-H+(b-2){bG-H-(b-2)}
=>Q2a-42=2b-6)(-2)>4a-8=-4b+12=>4a+4b=20=>a+b=5.
What about the other of the two equations in the system?

We can use either of (a — 1)* + (b — 2)> = 5% and (a — 3)* + (b — 4)* = 5%

Choosing for instance, the first of the two above, we get a simpler system where
a+b=5,and (a—1)*+ (b -2)*=5%

Then, to begin with, we geta+b=5=b=5-a.
Soweget(@—1)*+(B-2)=5"=>@@-1)*+(5-a-2)"=5"
Meanwhile, (a— 1)’ +(5-a-2)*=(@-1*+@B -a)’=(@a-1)"+(@-3)>. How?

We can get (x — ¢)* = (-¢ +x)? = {(-1)(c - )}’ = (-1)*(c - x)* = 1(c — x)* = (c — x)".
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In other words, (x — ¢)* = {~(x — ¢)}* = («x + ¢)* = (¢ —x)>. For instance, 7> = (-7)* = 7.
So next, we get (a —1)>+ (@—3)*=a*-2a+ 1+ a* - 6a + 9 = 24> — 8a + 10.
Since we began with (a — 1)2 + (b - 2)* = 5%, we now get 24> — 8a+10 =5~

Thus, we get 2a* — 8a + 10 = 5* = 2a* — 8a — 15 = 0, which cannot be factored in the

integer level. So?

So using the quadratic formula, we can get the values of a.
Don’t remember the formula?

—ph++/pt—
Assuming ax® + bx + ¢ =0, we get x = bt 2b dac , which is the formula.
a

So using the quadratic formula, we get

 81./64-4-2-(-15) 8+184 8++/4-46 8+2J46 4+46

2.2 4 4 4 2

a

Such a long calculation, isn’t it?

. : o kK- :
We have a simpler version, which is x = —ac’ where b = 2k in the formula.
a

4%\16-2-(-15) _4++/46
2 2

So using the simpler version, we get a =

What if we can’t remember the formula at all at the exam?
Then, put the equation into the complete square. How?

We have 24> —8a—15=0. So we get
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20°-8a—15=2(a*-4a)-15=2(a"—da+4-4)—15=2{(a-2)" -4} - 15

=2(a-2)"-8-15=2a-2)"-23=0

+
+
We can get Zi\/z—?:ii\/“_?ziim:4_\/ﬁ.
2 2 V4 2 2 2

4++/4 FV4
Next, we have b=5—-a. Sowegethb=5-a=5- ;/76=6+;/76. Why F?

Doing it separately,

4+/46 5_4+\/R_6—\/R
2 9

,weget hb=5—a= =
g 2 2

4—/46 5_4—\/3_6%/%
2 2 '

,weget b=5—-a=
g 2

when a =

and when a =

6746
—

4+\/_ 6— \/_ 4-— \/R 6+\/R)
o )

So one center is ( ), and the other is ( 5

: 4++/46
Now, putting threads together, we get a = 5 and b=

For reference, the centers are approximately (5.39, -0.39) and (-1.39, 6.39).

Next, putting each center into the standard form directly, and setting

(@, by) = (4”_ 6= J— and (ay, by) = (2 j_ 64V46) e e

(x-— al)2 + (- b))’ =5% and (x— a))’ + - by)* = 5%, since the radius is 5.

Now, what if we are given information not enough to determine a particular circle?
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For instance, we are given only two points in the particular circle, and of course, neither
of the two is the center. And for another instance, we are given the center only.

Then, we’ll have to find a group of circles. That is, the group of circles is the solution.
What do we mean by a group of circles, though?

Suppose we are given the center only, and for instance, the center is (1, -2).
Then, using the standard form (x — a)* + (v — b)* = ¢%, we can get (x — 1)* + (y + 2)* = ¢%.

So the solution can be such a group of concentric circles as follows.
(x—1)*+ (v — 2)* = ¢* where ¢ is a positive integer.
Concentric circles share the same center.

The equation above indicates each of all circles where the centers are (1, 2), but the radii
are different from each other. That is, the radii are 0.1, 0.15, 1, 1.9, 2, 3, 4, etc.

Fig. 7

O

That’s not it, of course.

So for another instance, the solution can also be a group of circles where the centers are
in a line, or a group of circles tangent to each other.
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Fig. 8

Doing a problem with finding a particular circle, we should be able to find information
that can determine the particular circle.

Sometimes, the problem is so straightforward that all necessary information is given to
us directly.

For instance, three points in a particular circle are specified as in the first example above.

Some other times, all the information is given in an implicit manner.
In such cases, we should be able to extract or deduce such information from the problem
description. That is, we need to track down the information on the center and radius.

In fact, if the problem is well defined, the problem is the solution. Why?

It all depends on how we put the problem.

Solving a problem, we put it many different ways.

By the way, math begins with definitions. So whatever the problem it may be, we’d
better define it properly in the first place. Then, the solution will be with us.
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0. What is an ellipse?

N

An ellipse is in a plane, and is a set of points, from each of which,
the sum of the two distances to two particular points is constant, that is, the same.

And the two particular points are called the foci of the ellipse.

An ellipse is one of the basic curves called conic sections, often called conics for short.
So it is a conic, and we call it an oval, too, since it looks like an egg. Also, it can be
called a long circle, too. What do we mean by a long circle?

An ellipse can be quite close to a circle, but can be quite different from a circle, too. So
to begin with, comparing an ellipse with a circle, we can say that a circle can be an
incircle or a circumcircle of a square, and that an ellipse can be inscribed in or can be
circumscribed about a rectangle.

As in Fig. 0, an incircle of a square is tangent to all the four sides of the square, and a
circumcircle of a square includes all the four vertices of the square. So an ellipse
inscribed in a rectangle is tangent to all the four sides of the rectangle, and an ellipse
circumscribed about a rectangle is passing through all the four vertices of the rectangle.

circles and a square ellipses and a rectangle

Fig. 0
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Next, a circle is a simply closed curved-line segment that is symmetric and has infinitely
many axes of symmetry, each of which is a diameter.

An ellipse, too, is a simply closed curved-line segment that is symmetric.

It has however, only two axes of symmetry, one is a major axis, and the other is a minor
axis, called a conjugate axis, too. And we call the two axes of symmetry main axes, too,
and can put the main axes in an ellipse the way as follows.

Fig. 1 major axis
‘\
N
N
N

AN .
_. main axes

-

- -

~~~ minor axis

As shown above, the two main axes are perpendicular to each other.

And we can notice that the major axis connects two points the farthest away from the
center of an ellipse, and that the minor axis connects two points the closest to the center.

In other words, the major axis connects two antipodal points the farthest away from each
other, and the minor axis connects two antipodal points the closest to each other.

And of course, the two main axes meet at the center.
How then can we get an ellipse?

If cutting a right cone with a plane, we can get a cross section called an ellipse. So it’s
called a conic section, just called a conic for short. What is a right cone though?

If a cone is a right cone, the line connecting the vertex of the right cone and the center of
the base is perpendicular to the base, and thus, makes a right angle (90°) with the base.

And the line stated above is called the axis of the cone. And in the study of conics, such
a right cone is made or generated the way as follows.
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First, take a line as the axis of the cone to be made.
Next, make another line meet the axis of the cone at a point at an angle y, which is an
acute angle, that is, 0 <y < 90°.

Fig. 2 oy AN
JPt=e " the axis of the cone
the generator of the cone
" the vertex

Then, we call the other line the generator of the cone, and the point where the other line,
that is, the generator of the cone meets the axis of the cone is the vertex of the cone.

So the vertex of the cone is the point where the generator meets the axis of the cone.
And in the figure above, the angle y is called the generator angle.

Then, rotating the generator around the axis fixing the generator at the vertex, we get a
double-cone as in Fig. 3.

Fig. 3 the axis of the cone
\"":‘, the generator of the cone
the vertex -~
0 <y <90° yis the generator angle

And note that the generator and the axis are lines, and lines have infinite lengths, so the
lengths of the cones are infinite, too. So we cannot show them all. Showing thus, such a
cone or a curve in math, we just show some part of it.

How then can we get an ellipse cutting the cone with a plane?
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As in Fig. 4, the cross section in black is a curve closed, and is an ellipse. So if a is the
angle between the plane and the axis of the cone, and y < a. < 90°, and of course, if the
plane does not include the vertex, the cross section is an ellipse.

If however, o =y, the cross section is a parabola, and if a. = 90°, the cross section is a
circle. And we can explain an ellipse the way as follows.

An ellipse is a collection of points as in the case of a circle, line, or parabola. Suppose in
the x-y plane, as in Fig. 5, we designate two particular points called the foci of an ellipse.
Then, the ellipse is a set of points, from each of which, the sum of the two distances to
the two foci is constant, that is, the same.

Fig. 5

o X

And we can also explain an ellipse the way as follows.
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Suppose that a point is moving along a curve in the x-y plane, and that the sum of the
two distances from the moving point to two particular points is constant.
Then, the two particular points are called the foci, and the curve is an ellipse.

So if a point (x, y) is in an ellipse, no matter where the point (x, y) may be, the sum of
the two distances from the point (x, y) to the two points called the foci is constant.

Ya
Fig. 6

0 X

And we can notice that one of the two main axes is perpendicular to the x-axis. In the
figure above, the minor axis is perpendicular to the y-axis. And in that case, of course,
the major axis is parallel to the x-axis.

It can be the case, of course, no main axis is perpendicular to the x-axis. Such an ellipse
can be said to be skewed or tilted, and some examples can be as follows.

And some ellipses are quite close to circles, and some others look like bars.
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Usually though, in high school math or basic courses in college math, if we use an
ellipse, one of the two main axes is perpendicular to a coordinate axis. So such an ellipse
can be called a perpendicular ellipse.

And in fact, in this book, such an ellipse is said to be perpendicular, and thus, is called a
perpendicular ellipse. (Note however, in other books, it may not be called a
perpendicular ellipse, and can be called differently.)

Anyway, putting a perpendicular ellipse in the x-y plane, we can get this:

Ya
Fig. 8

And looking at the figure above, we can describe the two main axes the way below, too.

The longer of the two is called the major axis. And the major axis connects two points,
from each of which, the difference between the distances to the foci is the largest.

The shorter main axis is called the minor axis. And the minor axis connects two points,
from each of which, the distances to the foci are the same.

What then about the two points called the foci?
The two foci are in the major axis. So the major axis passes through the foci.

Each focus is an equal distance away from the center of the ellipse.
And we call the equal distance a focal distance.

So a focal distance is the distance from a focus to the center of the ellipse.

And in this book, we have two kinds in ellipses perpendicular.
One is horizontal, and the other is vertical.
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Fig. 9 a horizontal ellipse yA a vertical ellipse

N | | )

S

So in an ellipse horizontal, the major axis is horizontal, that is, parallel to the x-axis, and
in an ellipse vertical, the major axis is vertical, that is, perpendicular to the x-axis.

In short, if the major is horizontal, the ellipse is horizontal, and if the major is vertical,
the ellipse is vertical.

(Note that though, it is the case in this book, and it may not be the case in other books.
That is to say that in other books, ellipses may not be classified the way above, and thus,
may not be said to be horizontal or vertical.)

Either way, the foci are in the major axis, and the focal distance is the distance from a
focus to the center of an ellipse.

And usually, a half major axis is called a semi major axis or a major radius, so a half
minor axis is called a semi minor axis or a minor radius.

Where can we find an ellipse though?

We know that the earth is orbiting around the sun, and the orbit is an ellipse.
Many orbits are ellipses. Probably, every orbit is an ellipse. And also, if an object looks
circular, it is quite likely to be an ellipse. How can we actually make an ellipse though?

We know the fact that an ellipse is a set of points, from each of which, the sum of the
two distances to the foci is constant.  So?

So using the fact above, we can construct an ellipse the way as follows.
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First, set the two foci by fastening, for instance, two nails or thumb tacks to a panel.

Fig. A

Next, make a loop using a string, and put the loop on the panel so that it wraps around
the nails.

Fig. B

Then, while holding the loop taught with a pencil tip, turn the pencil around the nails the
way we do drawing a circle. After a complete turn, we get an ellipse.

Fig. C

~—_ _-

So we can see that if a point is in the ellipse, the sum of the two distances from the point
to the foci is constant, that is, the same, because the length of the loop is constant.
How then can we explain or describe a particular ellipse?
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Normally, we put an ellipse in the x-y plain, and the ellipse is perpendicular, so one of
the two main axes is perpendicular to the x-axis. And we can describe such an ellipse
specifying the information as follows.

The center of the ellipse and the lengths of the two main axes, along with the orientation,
which indicates if the ellipse is horizontal or vertical

If the major axis is horizontal, thus, parallel to the x-axis, the ellipse is horizontal, and if
the major axis is vertical, thus, perpendicular to the x-axis, the ellipse is vertical.

(Note that though, it is the case in this book, and it may not be the case in other books.
That is to say that in other books, ellipses may not be classified the way above, and thus,
may not be said to be horizontal or vertical.)

Anyway, for instance, if an ellipse is horizontal, and is centered at (5, 2), and its main
axes are 6 and 4, the major axis is parallel to the x-axis, and the ellipse is as follows.

P

Fig. D 7

0

In math though, making an ellipse, we define it. So defining an ellipse particular, we
make the particular ellipse. How then can we define a particular ellipse?

As in the cases of other conics as a circle, we can define an ellipse using an equation that
indicates the ellipse. So we can define the particular ellipse producing the equation of it.
For instance, assuming E is the ellipse described above, we can define E the way below.

(x-5 -2} _,
3? 2?2
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And the equation above is in the standard form, and is a standard equation of an ellipse.
Putting the standard equation above in the general form, we just expand (or simplify) it.

Then, we get 4x* + 9y* — 40x — 36y + 100 = 0, which is a general equation of an ellipse.

And in general, putting an ellipse in the standard form, we can put it the way as follows.

x=u) -

- 7 =1,wherea#b,and a and b > 0
a

What do we mean by though, a and 5?

First, if @ > b, 2a is the length of the major axis. And if we just call the length the major,
the major is 2a. Then, 2b is the minor, and the ellipse is horizontal.

And in that case, we call a the semi major or the major radius, and b is called the semi
minor or the minor radius.

Next, if @ < b, the major is 2b, the minor is 2a, and the ellipse is vertical.
And in that case, we call b the semi major or the major radius, and a is called the semi
minor or the minor radius.

So just describing a particular ellipse, we can describe it specifying the main axes (or the
two semis or the two radii).

If however, we define a particular ellipse placed in the x-y plane, we want to specify the
center and the orientation, together with the two main axes (or the semis or the radii).
What then is the center?

(x=uw)’  (-v)

If an ellipse is
P a’ b’

=1, the center of the ellipse is a point (u, v).

Note that though, the standard equation above can indicate an ellipse perpendicular only.

Is there any equation then, that can indicate an ellipse perpendicular or not?
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Putting an ellipse in such an equation, we can put it the way as follows.

ax* + by* + exy + ux + vy + w = 0, where 4ab > ¢*

Note that @ and b can be the same, and that 4ab > ¢* can mean this, too: ab > 0, which is
saying that @ and b have the same sign. And of course, a, b, ¢, u, v, and w are constant.
Note however, for some values of the constants, the equation does not indicate an ellipse,
even if 4ab > ¢*.

What then about an equation that is in the general form and indicates an ellipse
perpendicular only?

Putting an ellipse in such an equation, we can put it the way as follows.

ax* + by* + ux + vy + w=0, where a = b, and ab > 0

So the equation above indicates an ellipse with a main axis perpendicular to the x-axis.
Notice that it does not have the xy-term, that is, cxy in the equation shown earlier.

Note however, for some values of the constants, the equation does not indicate an ellipse,
even ifa# b, and ab > (.

And we can give a name to an equation, too. For instance, assuming E is the equation of
an ellipse perpendicular above, we can put E the way as follows.

E(xsy)=ax2+by2+ux+vy+w=0,wherea¢b,andab>0

What then about the standard equation?

(x=uw’ (-v)

Assuming S is the equation 5 P
a

=1, we can put S the way as follows
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_ 2 _ 2
S(x,y):(x 2”) +(y ») —1=0,where a # b, and a and b > 0.
a

b2
What if @ = b though, in the equation above?
Then, the equation indicates not an ellipse but a circle. What circle then is it?

It is the circle where the radius is a (or b), and the center is at (u, v).

_ 2 _ 2 _ 2 _ 2
o) =) g G’ o)
a b a a

Setting b = a, we get

= (x — u)* + (y — v)* = a*, which indicates a circle of radius a centered at (u, v).

And we know it is not the case the equation of the circle (x — u)* + (y — v)? =’ is
defined for x real and y real. (“x real’ means every real number can be x.)

It is in fact, defined for-a+ u<x<a+wu,and-a+v<y<a+v.

That is, the domainis—a + u <x<a+ u, and therangeis—a+v<y<a+v.

So we can notice that it is not the case either, the standard equation of an ellipse above is
defined for x real and y real. What then are the domain and the range?

The domainis—a+u<x<a+ u,and therangeis-b+v<y<bh+v.

So putting more specifically the standard equation of an ellipse, we can put it this way:

2 2
(x 2”) +(beV) =1, wherea#b,a& b>0,-a+u<x<a+tu,and-b+v<y<b+v.
a
Next, we know an ellipse can be very close to a circle, and can be very flat. So is there
any way we can specify how round or flat an ellipse is?
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An ellipse has a special number called an eccentricity, which is a ratio of a focal
distance to a major radius, that is, the focal distance over the major radius.

So of an ellipse, the eccentricity specifies the degree, to which the ellipse is out of round.
Thus, it can tell us how flat or round an ellipse is.

An eccentricity is denoted by e, and we have 0 < e <1 for an ellipse.
And if the eccentricity e is 0, it is a circle.

So the bigger the eccentricity, the flatter the ellipse.

If therefore, e is close to 1, the ellipse looks like a bar.

And an ellipse has a physical property as follows.

If for instance, a light beam comes from one focus, and reflects off the ellipse, it goes to
the other focus. So all the light beams coming from one focus and reflecting off the

ellipse gather at the other focus.

So we can use such a property constructing a reflecting telescope.

Fig. E

How then can we get the foci and the eccentricity?

- o=,

Suppose an ellipse is
pp p pe e

Then, if a > b > 0, the foci are (u — ¢, v) and (u# + ¢, v), where c is the focal distance, and
we have ¢* = a* — b
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Then, the eccentricity e = And the ellipse is horizontal.

IS

If however, b > a > 0, the foci are (u, v + ¢) and (u, v — c¢), where c is the focal distance,

2,2 2
and we have ¢"=b" —a".

Then, the eccentricity e = And the ellipse is vertical.

<
L
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... EqQuUations for Ellipses 1

To begin with, putting an ellipse in an equation, we can get

(x-5' -2 _,
o 2

What ellipse then, is it?

It is an ellipse horizontal, the center is at (5, 2), and its main axes are 6 and 4.
So the major axis is parallel to the x-axis, and is 6, and the ellipse is as below.

Yy y=4
Fig.o 4
e
i -5,2)
() 2 5 8 > X

161
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The ellipse is horizontal, too, and its main axes are 6 and 4, also, but the center is
different, and is at (0, 0), that is, at the origin.

Fig. 1

_(0,0)

L
N

What if the center is at (1, 1), and the other information is the same?

(-1’ - _

Then, the ellipse will be as follows. 5 5
3 2

And we can put the ellipse above in a graph the way as follows.

]

Fig. 2

(9]

\

\
—~

[S=
»

(S
~—

How then can we get such equations as above?
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We know the fact that an ellipse is a set of points, from each of which, the sum of the
two distances to two points called the foci is constant. So?

So using the fact above, we can get the equation of an ellipse.

Thus, to begin with, suppose ¢ > 0, two points P(-¢, 0) and Q(c, 0) are the two foci of an
ellipse called E, and a point T(x, y) is an arbitrary point in the ellipse E, that is, a random
point representing all the points in E.

Then, the center is the origin, that is, (0, 0), and c is the focal distance, because the

center is the midpoint between the foci. So we can put the three points P, Q, and T in the
x-y plane the way as follows:

Fig. 3

Suppose next, the point 7 is moving along the ellipse E, and is now at (a, 0).
Then, we get this:

Fig. 4
g y‘
.............................. 0T(x9 »)
- T(x, y)
P(-c, 0) Q(c., 0) X g >
(-a,0) 0 “0 x

Then, the sum of the two distances from 7(x, y) to the foci is 2a. How?
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Fig. 6 ’K
_ .T(\, )
T(x,y)
P(-C, 0) Q(c_a 0) EA’/
(-a, 0) i 0 i (a, 0) x
) AR

We can see that the length of TP is a — (-¢) = a + c.
And the length of TQ is a — c.
Soweget TP+ TQ=(a+c)+(a—c)=2a. So what?

We know the fact that from any point in an ellipse, the sum of the two distances to two
points called the foci is constant. So?

So no matter where the point 7" may be in the ellipse E, the sum of the two distances
from the point T to the two foci is always the same, and is in this case, 2a.

Using thus, the fact above, we can get the equation of E.  How then can we use it?

Fig. 6

We are going to get the sum of the two distances from 7(x, y) to the two foci, and then,
set the sum equal to the sum we found above, which is 2a, because the sum is constant,
that is, the same no matter where the point 7 may be in the ellipse E.
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How then can we get the two distances from T(x, y) to the two foci?

We can use the distance formula, often called Pythagorean Theorem.
What then do we get?

We get an equation expressed in terms of the coordinates of the arbitrary point T(x, y) in
the curve called the ellipse E.  When then does the equation do?

The equation explains how x and y are related to each other. And we call such an
equation a connective equation. So the connective equation connects x and y at T(x, y) in
the curve called the ellipse E. In other words, the equation explains every point in the

ellipse E, so it defines the ellipse E. What equation then is it?

The equation is called the equation of the ellipse E.
So let’s now get the equation. How then can we apply the distance formula?

Assuming d is the distance between two points, Ax is the difference in x-coordinates,
and Ay is the difference in y-coordinates, we can put the formula the way as follows.

d’ = (Av)* + (Ay)

So using the distance formula, and assuming TP = p, and 7Q = ¢, we can get

P=x-(Co+@r-0'=x+o’+)andg’ =(x-c)’ + (-0 =(x-c) +)".

So we get TP=«/(x+c)2 +y2 ,and TQ=«/(x—c)2 +y2.

Thus, we get TP+TQ =/(x +¢)* + y* +(x—¢)* + y* =2a. Then, we get
Jx+e)+y' =2a—\(x—c)+y" = (x+c) +y* =Qa—+(x-c) +y*)
:>(x—i-c)2+y2:4az—4a\/m+(x—c)2+y2
:>4a\/m=(x—c)2-i-yz—(x+c)2—y2—i-4a2
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=da\(x-c) +y* =x*-2ex+c’ —x*—2cx—c* +4a’ =4a’ —4dcx

=Sa(x-c) +y' =a’*—ex=a*{(x-c) +y*}=(a’ —cx)’ =a' - 2a’cx + S x?

=a’(x’-2ex+ +y)=a’x’ -2d’cx+a’c’ +a’y’ =a' —2a’cx + X

22 22,22, 22 _ 4_ 2 22, 22_ 4 22 _ 2.2 2
Sax —-cx"tactay =a=>@-c)xt+tay =a-ac =a@-c)

a x
>+ 2V 2 Y 1 What then about &® — ¢*?

2

. . . 2 2 .
It is constant, so assuming b is constant, we can set b* = a“ — ¢”. And assuming b > 0, we

can put two points (0, b) and (0, -b) the way as follows.

Fig. 7 Ya

=V

How though?

Assuming now, that the point T is at (0, b), we can see a triangle isosceles, and the
triangle is ATPQ.

And we know that the sum of the two distances from T to the foci is 2a.

That is, we have TP+ TQ =2a. Soweget TP=TQ=a. So?
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Assuming O is the origin, we can see that the triangle TOP is a right triangle, and its
hypotenuse TP is a, and the side PO is c.

So applying the distance formula, we can get a* = b* + ¢* = b* = a* - .
2 2
And we now have x—2+ zy =1
a a —c
So we get —+y—2—1,andweknowa>b>0, sincea*=b*+c*=a>b>0.
a

xZ yZ
Thus, the equation of the ellipse E'is —+ re =1,wherea>b>0.

a

And putting the ellipse E in the x-y plane, we get this:

Fig. 8 v,
(0, b)
()
P(-c, 0) O(c, 0) <
(-a,0 i o (, 0) X
(0, -b)

So we can now say that the ellipse E is horizontal and centered at the origin, and that the
major axis is 2a, and the minor axis is 2b.

That is, the semi major axis is @, and the semi minor is b. In other words, the major
radius is a, and is parallel to the x-axis, and the minor radius is b.

a

And putting the ellipse E in its equation, we get —+ rea =1, where a> b > 0.
a’

What then are the domain and the range?
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The domain is —a < x < a, that is, |x| < @, and the range is—b <y < b or [y| < b.

Fig. 9 Vs

0, b)

P(-c, 0)

('as 0

Suppose now again, that the point T is moving along the ellipse E above.
Then, when will the point T be the farthest away from the center?

When the point T is in the x-axis, T is the farthest away from the center.

And we know that the major radius is a, and is parallel to the x-axis, because the ellipse
E is horizontal.

So the major radius is a part of the x-axis, and a is the distance from T to the center
when T is the farthest away from the center.

And the ellipse has two points where T gets located when 7 is the farthest away from the
center. And the two are (-a, 0) and (a, 0), which are called antipodal points.

Antipodal points are two points, and are in a line passing through the center located
between the two points. So they are a pair of points facing each other over the center.

And in the case of an ellipse or a circle, antipodal points are the same distance away
from the center. So in that case, the center is the midpoint between the antipodal points.

So the major axis is the line segment connecting the two antipodal points where T gets
positioned when T is the farthest away from the center, and the two are (-a, 0) and (a, 0).
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Thus, the two antipodal points (-a, 0) and (a, 0) are the endpoints of the major axis, and
the length of it is 2a.
What then about the case where the point 7 is the closest to the center?

When the point T is in the y-axis, T is the closest to the center.

And we know the minor radius is b, and is parallel to the y-axis, that is, perpendicular to
the x-axis, because the ellipse E is horizontal.

So b is the distance from T to the center when T is the closest to the center.

And there are two points where T gets positioned when T is the closest to the center.
The two points are antipodal, too. And the two are (0, b) and (0, -b).

So the minor axis is the line segment connecting the two antipodal points where T gets
positioned when T is the closest to the center, and the two are (0, ) and (0, -b).

Thus, the two antipodal points (0, b) and (0, -b) are the endpoints of the minor axis, and
the length of it is 24.
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.. EQUAtions for Ellipses 2

To begin with, putting an ellipse in an equation, we can get this:

Xy

2 2
>+ =1,where a>b > 0. What ellipse then is it?
a b

It is an ellipse horizontal, where the center is at (0, 0), and its main axes are 2a and 2b.
So the major axis is parallel to the x-axis, and is 2a, and the ellipse is as below.

2_ 2 42
c'=a -b

Fig. 0

What if the ellipse E above is centered at a point other than the origin?

For instance, moving the center to (2, 1), we get a new ellipse, so we get a new equation.
What then will the new equation be?

Assuming the new ellipse is G, we can get G translating the ellipse E in the amount of 2
in the direction of the x-axis, and in the amount of 1 in the direction of the y-axis.
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. 2_ 2 2
Fig. 1 Ya c=a-b
>
(-a,0 X
9'b)
Fig. 2 c=a*- b

x-2' -1 _,

e where a > b > 0.
a

Then, the equation of the ellipse G is

(Note that we still get F=d - b2, because a and b are constant, and so is ¢. And
translations do not change shapes, so the focal distance ¢ does not change either.)
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And in general, we can put a perpendicular ellipse in an equation the way as follows.

_ 2 . 2
Gow' 0w,
a b

Then, the ellipse above is centered at a point (u, v), and the main axes are 2a and 2b.
If a> b > 0, the ellipse is horizontal, and the major axis is @, and parallel to the x-axis.
If b > a > 0, the ellipse is vertical, and the major axis is b, and parallel to the y-axis.
And the equation above is called the standard equation of an ellipse.

(Note however, the standard equation can indicate a perpendicular ellipse only. If an
ellipse is perpendicular, one of the main axes is perpendicular to the x-axis.)

What if an ellipse is not perpendicular, thus, slanted as the ellipse below?

Fig. 3

Given the foci, you can derive the equation using the definition for ellipses, or can get
the equation applying a transformation to a perpendicular ellipse.
The transformation is covered in the book, GRAPH OPERATIONS, and is covered in

the section, Transformation by Turning. What then about the ellipse as follows?
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The center is at (0, 0), its main axes are 2a and 2b, and the major axis is this time,

parallel to the y-axis, and is 2b.
2 2

Then, the ellipse is vertical, and the equation is x—2+‘;—2 =1,where b>a> 0.
a

So the equation itself looks quite the same as the equation of the horizontal ellipse E.
We know however, the major > the minor. So the major radius is b, because b > a > 0.
What then are the domain and the range?

The domain is still —a < x < a, that is, |x| < a, and also, the range is—b <y < b or |y| < b.

And we know the foci are in the major axis, which is this time, parallel to the y-axis, and
the center is the origin, so if ¢ is the focal distance, the foci are (0, ¢) and (0, -¢).

Assuming thus, the vertical ellipse above is V, we can put ¥ in a graph the way as

follows.
Fig. 4 y
O, 5
P(0, o)

=V

(-a,0

(0, -c)

(0, -b)

How then can we get the equation?

We know the definition for ellipses, which says the fact that an ellipse is a set of points,
from each of which, the sum of the two distances to two points called the foci is constant.
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Using thus, the fact again, we can get the equation of an ellipse vertical, too.

So to begin with, suppose ¢ > 0, two points P(0, ¢) and Q(0, -c) are the two foci of an
ellipse called V, and a point T(x, y) is an arbitrary point in the ellipse V i.e., a random
point representing all the points in V.

Then, the center is the origin O(0, 0), and we can say that c is the focal distance, because
the center is the midpoint between the two foci. So we can put the three points P, Q, and
T in the x-y plane the way as follows.

Fig. 5 yA
""" . T(x, y)
PO,y
( >x
aQ(Oa -C)

Suppose next, the point 7 is moving now, along the ellipse V.

And we know the fact that the sum of the two distances from each point in ¥ to the two
foci is constant, that is, the same. So this time also, we are going to use the fact again.

So suppose this time, that the point 7 is now at the point (0, ).
Then, the sum of the two distances is 2b. How?
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Fig. 6 ’
- T65)
('aa 03 za, 0) §
Q(O, 'C) v
...... 0, -b)

We can see that the length of TQ is b — (-¢) = b + c.
And the length of TPisb—c. Soweget TP+ TQ=(b—-c)+ (b+c)=2b.

Therefore, no matter where the point T may be in the ellipse V, the sum of the two
distances from the point 7 to the two foci is always 2b, which is the major axis.

So we are going to get the sum of the two distances from 7(x, y) to the two foci, and
then, set the sum equal to 2b.
How then can we get the two distances from T(x, y) to the two foci?

We can use the distance formula, often called Pythagorean Theorem.

And using it, we can get an equation expressed in terms of x and y, that is, we get the
connective equation between x and y, which are the coordinates of the arbitrary point
T(x, y) in the curve called the ellipse . What then is the connective equation?

The equation explains every point in the ellipse V, that is, it defines the ellipse V.
So the equation is the equation of the ellipse V.

Let’s now get the equation. We can get it using the distance formula.

How then can we use the formula?
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Assuming d is the distance between two points, Ax is the difference in x-coordinates,

and Ay is the difference in y-coordinates, we can put the formula the way as follows.

d* = (Ax)* + (Ay)>  And we have P(0, ¢), Q(0, -¢), and T(x, y).

So using the distance formula, and assuming TP = p, and TQ = ¢, we can get

p2 =(x—0)2+(y—c)2=x2+(y—c)2, andq2=(x—0)2+ {y—(—c)}2=x2+(y+c)2.

Sowe get TP =+/x*+(y—c)*,and TO =+/x*+(y+c) .

Thus, we get TP +TQ =/x* +(y—c)? ++/x* +(p+c)’ =2b. Then, we get

X2+ (y—c) =2b—x* +(y+¢) = X2 +(y—c) =2b—+/x* +(y+¢)?)
= x2+(y—c) =4b* —4b\x* +(y+¢)* +x* +(y +¢)*
=4b\( x> +(y+c) =(y+e) —(y—c) +4b* = y* + 2cy+c* — y* +2cy —c* +4b°

= 4b\x* +(y+¢) =4b* +4cy = byx* +(y+¢)’ =b* +¢y

= b {x" +(y+c)’}=(b" +cy)’ =b* +2b°cy +*y’
= b (x*+y +2cp+c’)=bx" +b’y* +2b7cy + b’c* =a’ +2bcy +c*y’
= b2+ B+ BE — A = b = B+ (0 — At = b — B = B - &)

2.2 2 2
bI: d - +y' = :>b2x—2+‘Z—2:1. What then about &% — ¢*?

It is constant, so assuming a is constant, we can set a=b"-c* And assuming a > 0, we
can put two points (@, 0) and (-a, 0) the way as follows.
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Fig. 7

=V

Assuming now, that the point T is at (a, 0), we can see a triangle isosceles, and the
triangle is ATPQ.
And we know that the sum of the two distances from 7 to the two foci is 2b.

That is, we have TP+ TQ =2b. So we get TP=TQ = b.

Assuming thus, O is the origin, we can see the triangle TOP is a right triangle, and its
hypotenuse TP is b, and the side PO is c.

So using the distance formula again, we can get b* = a* + ¢ = a* = b* — .

2 2 2 2
X
P 2+%:1. So we get a—2+y—:1,

And we have >
—-c b

Andwe getb>a>0,sincea’*=b*"-*=>b=a*+=b>a>0.

Now, the equation above is a connective equation connecting x and y at 7(x, y), which is

an arbitrary point in the curve called the ellipse V.
2 2

Thus, the equation of the ellipse V'is x_z + Z—z =1, where b>a > 0.
a
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And putting the ellipse V in the x-y plane, we get this:

Fig. 8 y
(0, b
T(x, y)
PO, ¢)
4, 0) (@, 0) >
Q(O, -C)
©, -b)

So we can now say that the ellipse V' is vertical and centered at the origin, and that the
major axis is 2b, and the minor axis is 2a.

That is, the semi major axis is b, and the semi minor is a. In other words, the major

radius is b, and is parallel to the y-axis, and the minor radius is a.
2 2

And putting the ellipse V in its equation, we get x_2 + Z—z =1, where b>a > 0.
a

What then are the domain and the range?
The domain is —a < x < a, that is, |x| < a, and the range is—b <y < b or |y| < b.

Suppose now again, that the point T is moving along the ellipse V.
Then, when will the point 7 be the farthest away from the center?

When the point 7 is in the y-axis, T is the farthest away from the center. And we know
the major radius is b, and is parallel to the y-axis, because the ellipse V is vertical.

So b is the distance from T to the center when T is the farthest away from the center.
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y
Fig. 9
0, b
T(x, y)
P(0, ¢)
(-a, 0) (@, 0) =
Q(Oa -C)
(0, -b)

And the ellipse has two points where T gets located when T is the farthest away from the
center. And the two are (0, b) and (0, -b), which are called antipodal points.

So the major axis is the line segment connecting the two antipodal points where T gets
positioned when T is the farthest away from the center, and the two are (0, b) and (0, -b).

Thus, the two antipodal points (0, b) and (0, -b) are the endpoints of the major axis, and
the length of it is 2b.
What then about the case where the point T is the closest to the center?

When the point 7 is in the x-axis, T is the closest to the center.

And we know this time the minor radius is @, and is parallel to the x-axis, that is,
perpendicular to the y-axis, because the ellipse V' is vertical.

So a is the distance from T to the center when T is the closest to the center.

And there are two points where T gets positioned when T is the closest to the center.
The two points are antipodal, too. And the two are (a, 0) and (-a, 0).

So the minor axis is the line segment connecting the two antipodal points where T gets
positioned when T is the closest to the center, and the two are (a, 0) and (-a, 0).

Thus, the two antipodal points (a, 0) and (-a, 0) are the endpoints of the minor axis, and
the length of it is 2a.
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So in sum, we have just covered two equations indicating ellipses in two kinds.
2 2

. X . )
Oneis —+ y—2 =1, where a > b >0, and c=a- bz, where c is the focal distance.

The ellipse above is horizontal, and is centered at (0, 0), the major axis is 2a and is a part
of (thus, parallel to) the x-axis, and the minor axis is 2b.  So the ellipse is as follows.

Fig. A y

A

7 : /(a, 0) g

) 'b)

2 2
. X ) )
And the other is —-+ y—2 =1, where b > a >0, ¢* = b* — a*, and ¢ is the focal distance.

a

The ellipse above is vertical, and is centered at (0, 0), the major axis is 25 and is a part of
(thus, parallel to) the y-axis, and the minor axis is 2a.  So the ellipse is as follows.

y
0, b)
P(0, ¢)
|
X

(-a, 0 ia, 0)

Fig. B

0(0, -¢)

(0, -b)
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What if the center is not at the origin as in the case below?

Fig. C Ya

(u, b +v)

/ P(-ctu,v) Q(ctu,v)
Catmww\ | @w  J@tu)
N y

|
K‘ X

_ 2 _ 2
Then, the equation is (x zu) + (ybzv) =1,where a>b> 0, and c=a*-b.
a

We can get the ellipse above translating an ellipse in amount of u along the x-axis, and

in the amount of v along the y-axis. And the ellipse to be translated is as follows

xZ yZ
=t
a b

What about the case as follows.

=1, where a > b >0, and F=d - bz, where c is the focal distance.

A
Fig. D

('a + u,
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=1, where b>a>0, and = 0" - d’.

2 2
The equation is (x zu) +(yb2v)
a

And note that in this case, we have this: ¢* = b* — a?, and not this: ¢* = a® — b’

Also, assuming K is the ellipse above, we can get K translating an ellipse in amount of #
along the x-axis, and in the amount of v along the y-axis. And the ellipse to be translated
is as follows.

2 2
X ¥y
_2+_

> =1, where b>a >0, and A= - a*, where ¢ is the focal distance.

1S}
S

Also, assuming L is the ellipse above, we can get L translating the ellipse K in amount of
—u along the x-axis, and in the amount of —v along the y-axis.
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... Elements of an Ellipse

Working with an ellipse, we often need to refer to some basic elements in it.
And the elements are as follows.

The center, foci, directrices, vertices, main axes, focal distance, and eccentricity.

So let’s now take a close look at each of those elements.

To begin with, an ellipse has two vertices, which are at both ends of the major axis.

Fig. 0 c=d* -1

2 2

x—2+:—2=1,wherea>b> 0
a

'
('a, 0) X

So in the ellipse E above, the two vertices are (-a, 0) and (a, 0). What about P and Q?

The two points P(-c, 0) and Q(c, 0) are the foci, and the center is O(0, 0).

And we can notice that the major axis has all the five points, which are the two vertices,
the two foci, and the center.

Also, we can notice that if an ellipse is horizontal, the y-coordinates are the same at all
the five points, which share thus, the same y-coordinate.



186

Then, we can notice also that if an ellipse is vertical, the x-coordinates are the same at all
the five points: the vertices, foci, and center, which share thus, the same x-coordinate.

Next, an ellipse is symmetric, and has two axes of symmetry, often called main axes.

An ellipse has two main axes, one is the major axis, longer than the other, called the
minor axis. In the ellipse E in Fig. 1, the line segment connecting the vertices is the
major axis, its length is 2a, and the line segment connecting two points (0, ) and (0, b)
is the minor axis, the length of which is 2b. Usually though, we just call 2a the major
axis, and call 2b the minor axis.

Fig. 1 Ya F=d - b
2 2
x—2+y—2:1,wherea>b>0
a b
>
X

So in the case of the horizontal ellipse E, we have @a > b > 0. What then about a and 5?

We call a the semi major axis, called the major radius, too, and b is called the semi
minor axis, called the minor radius, too.

And as we can see in the equation above, if an ellipse is horizontal, the major radius is
with x?, and is . What then about an ellipse vertical?

If the equation above indicates an ellipse vertical, we get b > a > 0.
So the major radius is with y?, and is .

Next, the focal distance is the distance from a focus to the center.
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The two foci are symmetric about the center.
So the focal distance is half the distance between the foci.
Thus, in the ellipses E above, c is the focal distance.

Next, in the case of the ellipse E, the two foci are (-¢, 0) and (c, 0).

The sum of two distances from every point in an ellipse to its two foci is constant, that is,
the same. And in the case of the ellipse E above, the sum is 2a, the major axis.

What then about this ¢* = a* — b*?

It can be called the connective equation between the focal distance and the semi axes.
And in the case of the ellipse E, we can get the equation from the three facts as follows.

1. One i1s that ¢ is the focal distance, that is, the distance from one focus to the center.

2. Another is that the distance from one end of the minor axis to one focus is the major
radius, that is, a.

3. And the other fact is that a right triangle is made by the three points stated above, one
is the one end of the minor axis, another is the one focus, and the other is the center.

And in the case of the ellipse E, the three points can be (0, b), (-c, 0), and (0, 0).

So the three points above determine a right triangle, where the hypotenuse is @, which is
the major radius. Using thus, the distance formula, we can get a* = b* + ¢*.

So we get ¢ =a*— b®. Therefore, the focal distance is ¢ =+a® —b*.

And in the case of the ellipse E horizontal, the two foci are (-c, 0) and (c, 0).

So we can put them this way, too: (—/a’—5b’, 0) and (Va’ —b*, 0).
What if the ellipse is vertical?

Then, we have b>a >0. So we get ¢* = b* — a*.

Therefore, in the case of an ellipse vertical, the focal distance is ¢ =b* —a’.
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And if an ellipse is vertical and centered at the origin, the two foci are (0, ¢) and (0, -c).

So we can put the foci this way, too: (0, vb* —a’) and (0, —/b* —a*).

Next, an ellipse has a special number called an eccentricity, which is a ratio of a focal
distance to a major radius, that is, the focal distance over the major radius.

Fig. 2 Ya d=d - ande==
a
(0, b) 3
X )y
_2+?=1,wherea>b>0
a
P(-¢, 0) 0(c, 0)
(-a, 0 0 }a, 0) x
) 'b)

So of an ellipse, the eccentricity specifies the degree, to which the ellipse is out of round.
Thus, it can tell us how flat or round an ellipse is.
Usually, an eccentricity is denoted by e, and we have 0 < e <1 for an ellipse.

And if the eccentricity e were 0, it would be a circle.
If e is close to 1, the ellipse is very flat, and looks like a bar.

So the bigger the eccentricity, the flatter the ellipse. What number though, is e?

The eccentricity e is a ratio, which is the focal distance over the major radius.

) ) ) c .
So in the case of an ellipse horizontal, we get e= —, since a > b > 0.
a

. . ) c .
And in the case of an ellipse vertical, we get e = Z ,since b>a>0.

So we can put the focal distance ¢ the ways below, too:

) c ) . c
Ifa>b>0,sincee= —,wegetc=ae,andif b>a> 0, since e = ;,wegetc=be.
a
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How though, would it be a circle if it were the case where e = 0?

Ifa>b>0, we have e = £,andifb>a>0,wehavee=
a

S RN

So either way, we getc=01fe=0.
And next, if a> b >0, we havec =+va’> —b*,and if b > a > 0, we havec =\ b* —a’.
So either way, if ¢ = 0, we get a = b, that is, both the major and minor radii are the same.

Therefore, if e = 0, it would be not an ellipse but a circle with a radius of a (or b).
What if this time, the eccentricity e = 1?

If first,a> b > 0, we have e = Soif e =1, we would get ¢ = a.

IS

And ifa>b >0, we havec =+va’ —b*>. So if ¢ =a, we would get b =0.

And if next, b > a > 0, we have e = Soife=1, we would get ¢ = b.

<
.
Andif b>a> 0, we havec =vb* —a’. Soif ¢ =b, we would get a = 0.

So either way, if the eccentricity e = 1, the minor axis would be 0.

And if the minor axis were 0, it would be not an ellipse but a line segment, which is in
fact, the major axis, and the foci would be at both ends of the line segment.

So it would be a line segment with the length of the major axis if the eccentricity e = 1.

How though, if e = 1, would the foci be at both ends of the major axis?

Let’s take another look at the eccentricity, but this time, a bit differently.

If an ellipse is horizontal, that is, if @ > b > 0, we have e = € ande=+a? -p.
a

2 2 2 2 2
. . a —-b a —-b b
Then, we can put the eccentricity e this way, too: e = = \/ = \/ 1-—-.

a a’ a’

Then, as b changes and approaches a, the eccentricity e changes and approaches 0. And

since ¢ =+ a® —b*, the focal distance ¢ approaches 0. Thus, the foci approach the center.

So as b changes the way above, the ellipse changes and approaches a circle of radius a.
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Next, as b changes and approaches 0, the eccentricity e changes and approaches 1. And

since ¢ =+/a’ —b*, the focal distance ¢ approaches a. Thus, the foci approach both ends

of the main axis.

So as b changes the way above, the ellipse changes and approaches a line segment of
length 2a, which is the major axis, and the foci approach both ends of the line segment.

And the same is true for an ellipse vertical, too, that is, the case where b > a > 0.

If an ellipse is vertical, that is, if 5> a > 0, we have e = % ,ande =+b* —a’.

2 2 2 2
Then, we can put the eccentricity e this way, too: e = b P 7 \/b bza = \/l —Z—z.

Then, as a changes and approaches b, the eccentricity e changes and approaches 0. And

since ¢ =+/b* —a’, the focal distance ¢ approaches 0. Thus, the foci approach the center.

So as a changes the way above, the ellipse changes and approaches a circle of radius b.

Next, as a changes and approaches 0, the eccentricity e changes and approaches 1. And

since ¢ =+/b* —a’*, the focal distance ¢ approaches b. Thus, the foci approach both ends

of the main axis.

So as a changes the way above, the ellipse changes and approaches a line segment of
length 2b, which is the major axis, and the foci approach both ends of the line segment.
And next, as in the cases of parabolas, ellipses have directrices, too.

Unlike a parabola though, an ellipse has not one but two directrices.
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Fig. 3 Ya ¢ =a’>—b*, and e = cla, 0 ¢ = ae, t00.
. x=-ale (0,b)
o X2 yz
7+b—2=1wherea>b>0
P(-c, 0)
(-a, 0) ( X
¥l x=ale
) 'b)

So as we can see in the figure above, the two vertical lines in gray are the two directrices
of the ellipse E, one is on the left of the ellipse, and the other is on the right of the ellipse.

And if an ellipse is horizontal, a directrix is a vertical line, that is, a line perpendicular to
the x-axis. And the focus on the left is said to correspond to the directrix on the left, and
the focus on the right is said to correspond to the directrix on the right.

So in the figure above, the vertical line x = -a/e is the directrix corresponding to the
focus P, and the other line x = a/e is the directrix corresponding to the focus Q.

. ) ) a a
How though, are the two directrices of E the two linesx= ——,andx= —?
e e

To begin with, in a parabola, the distance from a point to the focus is the same as the
distance from the point to the directrix.

In an ellipse however, the distance from a point to a focus is less than the distance from
the point to the directrix corresponding to the focus. It’s because 0 < e <1 for an ellipse.

So next, we can use the fact above the way as follows.
Suppose first, d is the distance from a point in a parabola to the focus, and D is the
distance from the point to the directrix.

Then, we get d = D. In other words, we get% =1.
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Suppose this time also, d is the distance from a point in an ellipse to one focus, and D is
the distance from the point to the directrix corresponding to the focus.

) .. d
Then, we get d = eD where e is the eccentricity. In other words, we getB =e.
And the same is true for the other directrix, too. What then are the two directrices?

: . . a a
In the case of the ellipse E below, the two directrices are x =——, and x =—. Why?
e e

F=ad - bz, and e = c/a, so ¢ = ae, t00.

Fig. 4 Ya
<«---x=-ale (0,b)
x2 y2
— +=5=1wherea>5b>0
a b
P(-c, 0
ol >
(-a, 0 s X
e x= ale
<D (0,-D) e De

) ) ) a a
Let’s now check to see if the directrices are x =——, and x =—.
e e

Suppose first, x = m is the equation of the directrix Dg shown in the figure above.

Then, in the figure above, we can see that m is the distance from (0, -b) (which is a point
in E) to the directrix Dg, and a is the distance from (0, -b) to the focus Q.

Next, we have d = eD where d is the distance from a point to a focus, and D is the

distance from the point to the directrix corresponding to the focus. So d = a, and D = m.
a : . : . a

Thus, we getd =eD = a=em = m=—. So the directrix Dp is the linex= —.
e e

Let’s use this time, another point (a, 0) to check to see if it is the case.

Then, first, taking the distance from (a, 0) to the focus Q, we get a — ae, since ¢ = ae.

Next, taking the distance from (a, 0) to the directrix x = m, that is, Dg, we get m — a.
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And next, we have d = eD where d is the distance from a point to a focus, and D is the
distance from the point to the directrix corresponding to the focus.

Sowe getd=a—ae,and D=m —a. Thus, we get

a
d=eD=>a—-ae=e(m—-a)=em—ae =>a—ae=em—ae=>a=em=>m=—.
e

) ) ) ) a
So the directrix Dg is the linex= —.
e

And the same is true for the other directrix Dy, too, because the ellipse is symmetric
about the y-axis. We know however, D, is on the left of the origin.

. . : . a
So the directrix Dy is the line x =——.
e
xZ yZ
And let’s now find for instance, the directrices of this ellipse: yel +? =1.

2

a c a

Wehavex=+—,e= —,andc=va"—b*. So first, we can getx =+—.
e a C

And we have a =4, and b = 2.

So finding first, the focal distance, we gete = Va? —b* =v4* —2? =12 = 24/3.

2
Thus, next, we can get a _ 16 8 8\/5

¢ 23 3 3
83

So the directrices are x = iT ~ 14.6188.

(x=u} (y=v)’

What then about the directrices of this ellipse: > PE
a

=1, where a > b > 0?

2 2
We know that the ellipse E isx—2 +Z—2 =1,where a> b > 0.
a

So assuming the ellipse in question is G, we can get G translating the ellipse E in the
amount of # in the direction of the x-axis, and in the amount of v along the y-axis.

And we know that the center of the ellipse G is (u, v).
So in short, moving the center of the ellipse E to the point (u, v), we can get G.
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Then, the directrices of E will be translated exactly the way the ellipse E gets translated.

) ) a
And we know that the directrices of E are x =+ —.
e

So the directrices of G will be as follows. x= i£+ u.
e

. . . a a
That is, the two directrices are x =——+ u, and x =— + u.
e e

Fig. 5 Vs

xX=-ale+u
‘‘‘‘‘ >

('a \u;

. :

2 2
(x422) N (yzzl) .

X2 yz 8\/5

First, we’ve already found the directrices of 7 + yel =1, and they are x = iT.

Let’s now, for instance, find the directrices of this ellipse:

So next, translating the directrices above by 2 along the x-axis, and by 1 along the y-axis,
we get the directrices of the ellipse we want to find the directrices of.

We know however, translating a vertical line along the y-axis, we see no change in the
line. So assuming (2, 1) is a new center, we just add the x-coordinate of the new center

to the directrices of the ellipse centered at the origin.

Then, we getx = i% + 2, which are the directrices we want. And more specifically,

8.3 6-8V3

one is x = — 3 +2= 3 ~ —2.62, which corresponds to the left focus.

83 _ 6+8\3

And the other is x = +2
3 3

~ 6.62, which corresponds to the right focus.
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2 2

What if the ellipse is vertical, that is, if it is x—2+2’—2 =1, where b>a > 0?

a

Putting first, the ellipse above in a graph, we can put it the way as follows.
Fig. 6 y
0,5

P(-c, 0)

=V

('aa 0 a, 0)

0(c, 0)
0, -b)

To begin with, we know the fact that if in an ellipse, d is the distance from a point to a
focus, and D is the distance from the point to the directrix corresponding to the focus,

. . d
we get d = eD, where e is the eccentricity. In other words, we getB =e.

Next, the directrices are perpendicular to the major axis.

And we know if an ellipse is horizontal, the major axis is parallel to the x-axis.
So the directrices of an ellipse horizontal are perpendicular to the x-axis.
What then about the directrices of an ellipse vertical?

If the ellipse is vertical, the major axis is parallel to the y-axis.
So the directrices are horizontal, that is, perpendicular to the y-axis.
: . a : . . :
And next, the directrices of E are x =+ —, where a is the major radius, and e is the
e
eccentricity. What then are the directrices of the ellipse vertical?
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If the vertical ellipse is V, the directrices of V are y = ié , where b is the major radius.
e

2_ 2 2
¢ =b"—a’,and e = c/b, so ¢ = be, t00.

Fig. 7
yA
k\
0,5 —_ \
H._ y=ble ,
o /P(-c, 0) ¢ x_2+y_2 =1where b>a>0
= a b
>
(-a, 0 0 a, 0) X
L4 Q(C, 0)
y=ble
(0, -b)
‘/
2 2

. . . D x
So for instance, what are the directrices of this ellipse: > + Z—z =1?

2 2
We know finding the directrices of Z—2+% =1,we getx = i?.
2 2
So the directrices of ~—+2— =1 are y = i&. How?
2’ 4 3

2

b
Wehavey=+—, e= %, andc =+/b* —a’®. So first, we can gety =+ —.
e c

And we have a =2, and b = 4.

So finding first, the focal distance, we gete =+a? —b* =4 —2? =12 = 2/3.
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Thus, the directrices are y =+

(x=u  (p=v)

> =1, where b > a > 0?
a b

What then about the directrices of this ellipse:

Assuming the ellipse above is J, we can get J translating the ellipse ¥ in the amount of u
in the direction of the x-axis, and in the amount of v in the direction of the y-axis.

And we know that the center of the ellipse J is (u, v).

So in short, moving the center of the ellipse V to the point (u, v), we can get J.

Then, the directrices of ¥ will be translated exactly the way the ellipse V gets translated.

And we know that the directrices of V are y = ié .
e

So the directrices of J will be as follows. y= ié +v.
e

. . . b b
That is, the two directrices are y =——+ v, and y =—+ v.
e e

(x-3)" (y+5)°
Y + e =1.

» 83
2

2
First, we’ve already found the directrices of ;—2+ e 1, and they are y = iT.

Let’s now, for instance, find the directrices of this ellipse:

So next, translating those directrices by 3 along the x-axis, and by -5 along the y-axis,
we get the directrices of the ellipse we want to find the directrices of.

We know however, the directrices above are horizontal, and translating horizontal lines

along the x-axis, we see no change.

So assuming (3, -5) is a new center, we just add the y-coordinate of the new center to the
directrices above. Note however, we can do so, because the ellipse getting translated is
centered at the origin.
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Then, we get y = i% —5, which are the directrices we want. And more specifically,

83

one is y = ——— —5, which corresponds to the lower focus.

And the other is y = 83 _ 5, which corresponds to the upper focus.

2_ .2 2
¢ =b"—a,and e = c/b, so ¢ = be, t00.

YA
3
Fig. 8 (u, b +v) \\\
(-a+u,v
>
x
O(u, “c +v)
u,-c+v
2 2
y=-ble+v (x 2”) +(yb2v) =1,where b>a>0
\\ a
N (u9 -b + V)
K
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.. dUmmary on Ellipses

Now, summing up, we can put together the ideas on ellipses the way as follows.
To begin with, putting an ellipse in a standard equation, we can get this:

2

y

2
+—=1,wherea>b>0 What ellipse then is it?

’°‘~| P

Sy

If E is the ellipse, E is centered at (0, 0), the origin, and since a > b, it is horizontal, so
the major axis is parallel to the x-axis, and is 2a, and the minor axis is parallel to the y-
axis, and is 2b. And assuming c is the focal distance, we get ¢* = a* — b*.

Fig. 0 Ya
(0, b)
_E
L

-c, 0

(¢, 0) (©0) .
(-a, 0 (0] (a, 0) X

(09 'b)

Next, since the major radius is @, assuming e is the eccentricity, we get e = —, where ¢
a

1s the focal distance, of course. And we have 0 <e <1, since 0 <c <a.

Next, since the ellipse E is horizontal, the center and foci share the same y-coordinate.
And the center is the midpoint between the foci. So since the center is (0, 0), and the
focal distance is ¢, the two foci are (-¢, 0) and (c, 0).
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Also, since E is horizontal, the center and vertices share the same y-coordinate, too. And
the center is the midpoint between the vertices. The distance from the center to a vertex
is the major radius. So since the major radius is a, and the center is (0, 0), the two
vertices are (-a, 0) and (a, 0).

And next, since E is horizontal, the two directrices are two lines parallel to the y-axis.
The distance from the center to each directrix is a/e, where a is the major radius, and e is

.. . . . . a
the eccentricity. So since the center is (0, 0), the two directrices are x = +—.
e

2
c . : . a
And we know e = —. So we can put the two directrices this way, too: x =+ —.

a c
x2 y2

So for instance, putting a horizontal ellipse in an equation, we can get —-+-—>=1.
5 3

What ellipse then is it?

If K is the ellipse, K is centered at (0, 0), the origin, and is horizontal, so the major axis
is parallel to the x-axis, and is 10, and the minor axis is 6.

And the focal distance is 4, because if ¢ is the focal distance, we get F=ad - bz, where a
is 5 and is the major radius, and b = 3 and is the minor radius.

. . - c 4 . . .
So next, assuming e is the eccentricity, we get e =— = 3 where a is the major radius,
a

2 2
and c is the focal distance. And the directrices are x = iﬁ = ia— =5? = % .
e c
y K
Fig. 1 4
=25/4~__ s I—e - x=125/4

Next, since the ellipse K is horizontal, the center is (0, 0), and the focal distance is 4, the
two foci are (-4, 0) and (4, 0). (Note that horizontal means the same y-coordinate.)
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Also, since K is horizontal, the major radius, that is, the semi major axis is 5 and the
center is (0, 0), the two vertices are (-5, 0) and (5, 0).

(=) =v) _

What then about the ellipse as follows 5 pE
a

1, where a > b > 0?

If G is the ellipse above, the ellipse G is centered at (u, v), and since a > b, G is
horizontal, so the major axis is parallel to the x-axis, and is 2a, and the minor axis is
parallel to the y-axis, and is 2b.

And assuming c¢ is the focal distance, we get ¢* = a® — b*, where a is the major radius,
and b is the minor radius.

Next, since the major radius is a, assuming e is the eccentricity, we get e =—, where ¢ is
a

the focal distance, of course. Also, we have 0 <e <1, too, since 0 <c¢ <a.

Fig. 2

Ya

(u—a,v)

o) 4

u,v—>b)

Next, since G is horizontal, the two directrices are two lines parallel to the y-axis. The

. : . .a : . . .
distance from the center to each directrix is —, where a is the major radius, and e is the
e

.. . . . . a
eccentricity. So since the center is (u, v), the two directrices are x =+ —+ u.
e

2

c : : : a
And we know e =—. So we can put the two directrices this way, too: x =+ —+ u.
a c

Next, since the ellipse G is horizontal, the center is at (u, v), and the focal distance is c,
the two foci are (u# — ¢, v) and (u + ¢, v).
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Also, since G is horizontal, the center is (u, v), and the major radius is a, the two vertices
are (u —a, v) and (u + a, v).

And notice that translating the ellipse E in the amount of u along the x-axis, and in the
amount of v along the y-axis, we get the ellipse G.

Also, of course, translating the ellipse G in the amount of -u along the x-axis, and in the
amount of -v along the y-axis, we get the ellipse E.

So for instance, putting a horizontal ellipse in an equation, we can get this:

2 12
) oy

What ellipse then is it?

If L is the ellipse above, the ellipse L is centered at (-2, 1), and is horizontal, so the
major axis is parallel to the x-axis, and is 10, and the minor axis is 6.

The focal distance is 4, because if ¢ is the focal distance, we get F=d - b2, where a =5,
and a is the major radius, and b = 3, and b is the minor radius.

So next, since the major radius is 5, and the focal distance is 4, assuming e is the

.. c 4 . . . : .
eccentricity, we get e =— = 3 where c¢ is the focal distance, and a is the major radius.
a

L y

-

m
2
w

—-x=17/4
-

V'ss

A
4
— -33/4 N

o ('2, 1)

-7 -@\-2 0/:/ 3 =
2

2

. . . . a a 25

And since the center is (-2, 1), the directrices are x =t ——-2=%*—-2=2—-2,
e c

Next, since the ellipse L is horizontal, the focal distance is 4 and the center is (-2, 1), the
two foci are (-6, 1) and (2, 1).
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Also, since L is horizontal, the center is (-2, 1), and the major radius, that is, the semi
major axis is 5, the two vertices are (-7, 1) and (3, 1).

Next, putting a vertical ellipse in a standard equation, we can get this:

2 2
x_2+y_2 =1,where b>a>0. What ellipse then is it?

()
S

If V'is the ellipse above, V is centered at (0, 0), the origin, and since b > a, it is vertical,
so the major axis is parallel to the y-axis, and is 2b, and the minor axis is parallel to the
x-axis, and is 2¢.  And assuming c is the focal distance, we get ¢* = b* — a*.

Fig. 4 )‘
OBy %
0, 0} o
a, 0 ) % 0) e
(0, -¢)
0, -b)

Next, since the major radius is b, assuming e is the eccentricity, we get e = ; , Where ¢

is the focal distance, of course. And also, we have 0 <e <1, too, since 0 <c¢ <b.
Next, since the ellipse V' is vertical, the center and foci share the same x-coordinate.

And the center is the midpoint between the foci. So since the center is (0, 0), and the
focal distance is ¢, the two foci are (0, ¢) and (0, -c).

Also, since V is vertical, the center and the vertices share the same x-coordinate, too.

And the center is the midpoint between the vertices. So since the semi major axis, that is,
the major radius is b, and the center is (0, 0), the two vertices are (0, b) and (0, -b).
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Next, since V' is horizontal, the two directrices are two lines parallel to the x-axis.

The distance from the center to each directrix is—, where b is the major radius, and e is
e

.. . . . . b
the eccentricity. So since the center is (0, 0), the two directrices are x =+ —.
e

2

c : : .
And we know e =; . So we can put the two directrices this way, too: x =+ —.
c

x2 y2
So for instance, putting a vertical ellipse in an equation, we can get —+—5-=1.
3

What ellipse then is it?

If M is the ellipse above, M is centered at (0, 0), the origin, and is vertical, so the major
axis is parallel to the y-axis, and is 10, and the minor axis is 6.

The focal distance is 4, because if ¢ is the focal distance, we get A=y - az, where b =5,
and b is the major radius, and @ = 3, and a is the minor radius.

So next, assuming e is the eccentricity, we get e = , where b is the major radius,

c_4
b 5
and c is the focal distance.

And since M is vertical, the major radius is b, and the center is (0, 0), the two directrices

2 2
arey=i—=ib—=is—=2
e c 4 4
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Fig. 5 y _y=25/4
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Next, since the ellipse M is vertical, the center is (0, 0), and the focal distance is 4, the
two foci are (0, 4) and (0, -4). (Note that vertical means the same x-coordinate.)

Also, since M is vertical, the semi major axis, that is, the major radius is 5 and the center
is (0, 0), the two vertices are (0, 5) and (0, -5).

(=) (=v) _

What then, about the ellipse as follows? 5 5
a b

1, where b>a>0

If J is the ellipse above, J is centered at (u, v), and is vertical, so the major axis is
parallel to the y-axis, and is 25, and the minor axis is parallel to the x-axis, and is 2a.

And assuming c is the focal distance, we get ¢* = b* — a*.

Next, since the major radius is b, assuming e is the eccentricity, we get e = ¢/b, where ¢
is the focal distance, of course. Also, we have 0 <e <1, too, since 0 <c¢ < b.
Next, since J is vertical, the two directrices are two lines parallel to the x-axis. The

distance from the center to each directrix is—, where b is the major radius, and e is the
e

- . . . . b
eccentricity. So since the center is (u, v), the two directrices are y =+ —+ .
e
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2
c . : .
And we know e =; . So we can put the two directrices this way, too: y =+ —+ v.
c

y
Fig. 6 4
(u—a,p)
>
0] X
[ ]
(u,v-o)
(u,v—D)

Next, since J is vertical, the center and foci share the same x-coordinate. So since the
center is (u, v), and the focal distance is ¢, the two foci are (u, v + ¢) and (u, v — ¢).

Also, since J is vertical, the center and the vertices share the same x-coordinate. So since
the major radius, that is, the semi major axis is b, and the center is (u, v), the two
vertices are (u, v + b) and (u, v — b).

So for instance, putting a vertical ellipse in an equation, we can get this:

(x+2’ -1 _
32 52

What ellipse then is it?

If NV is the ellipse above, N is centered at (-2, 1), and is vertical, so the major axis is
parallel to the y-axis, and is 10, and the minor axis is 6.

And if ¢ is the focal distance, we get =b"—a*, where b=5,a=3, b is the major
radius, and « is the minor radius. So the focal distance is 4,

. . .. c 4 ) . .
So next, assuming e is the eccentricity, we get e =; = 3 where b is the major radius,

and c is the focal distance.
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And since N is vertical, the major radius is 5, and the center is (-2, 1), the two directrices

2 2
arey = i2+ 1= ib—+ 1= i%+ 1= i?+ 1.
e c
Fig. 7 y y=29/4
A -
e
6
5
- (2, 1)
T
-5 2 01 >x
3 y=-21/4
4 5
»

Next, since the ellipse N is vertical, the center and foci share the same x-coordinate. So
since the center is (-2, 1), and the focal distance is 4, the two foci are (-2, 5) and (-2, -3).

Also, since NV is vertical, the center and the vertices share the same x-coordinate, too. So
since the major radius, that is, the semi major axis is 5, and the center is (-2, 1), the two
vertices are (-2, 6) and (-2, -4).

And we call all the equations above standard equations for ellipses, and the ellipses
above can be said to be perpendicular, because each main axis is perpendicular to a
coordinate axis.

What about an equation then that can indicate an ellipse perpendicular or not?

Putting an ellipse in such an equation, we can put it the way as follows.

ax2+by2 + exy + ux + vy + w =0, where 4ab > ¢*.

Note that @ and b can be the same, and that 4ab > ¢* can mean this, too: ab > 0, which is
saying that @ and b have the same sign. And of course, a, b, ¢, u, v, and w are constant.
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Note however, for some values of the constants, the equation does not indicate an ellipse,
even if 4ab > .
For instance, x* + y* + xy + x + y— 1 =0 and x* + y* + xy — 1 = 0 are ellipse equations,

butx®*+y* +xy+x+y+2=0and x* +y* +xp +1=0 are not.

That’s because no real numbers for x and y can satisfy the last two equations above.
What then, about an equation that is in the general form and indicates an ellipse
perpendicular only?

Putting an ellipse in such an equation, we can put it the way as follows.

ax® + by* + ux + vy + w=0, where a # b, and ab > 0.

So the equation above indicates an ellipse with a main axis perpendicular to the x-axis.
Notice that it does not have the xy-term, that is, cxy in the equation shown earlier.

Note however, for some values of the constants, the equation does not indicate an ellipse,
even ifa # b, and ab > 0.

For instance, 40x + 36y — 4x* — 9y* — 100 = 0 and 4x* + 9y* — 1 = 0 are ellipse equations,
but 40x + 36y — 4x* — 9y* — 136 = 0 and 4x* + 9y* + 1 =0 are not. That’s because,

2 2
47+9+1=0=24"+ 9’ =-1= ';—2+‘;—2 =—1, which is not an ellipse.

And in fact, no real number for x and y can satisfy the equation above.
So the equation has no curve if x and y are real.

Next, moving on to the next equation, we get

40x + 36y —4x* — 9" — 136 =0 = 4x* + 9y* —40x — 36y + 136 =0
= 4x* — 40x + 9y — 36y + 136 = 4(x* — 10x) + 9(* — 4y) + 136
=4(x* = 10x +25-25) + 90 — 4y + 4 — 4) + 136

= 4(x* — 10x + 25) — 100 + 9(y* — 4y + 4) — 36 + 136

_ 2 _ 2
—4(x -5’ +9(p-2=0= (x325) E 222) = 0, which is not an ellipse.
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So putting more specifically a perpendicular ellipse in a general equation, we can put it
the way as follows.

ax2+by2+ux+vy+w=0,wherea¢b,a>0,b>0,andbu2+av2>4abw.

That’s simply because, putting the equation into the sum of perfect squares, we get

ax* +by* +ux+vy+tw=ax* +ux+ by +vy+w

2 2 2 2
—a(x* + 2 x) B = P) AW =a(X + Xt — ) 4 B L Yt — )+
(DD ) X T g T Y
2 2
u, u V., Vv
=a(x+—) —+b(y+—=) —+w=0
) T2 TP T w
2 2

u , v, u v
=sa(x+—) +b(yp+—) =—+——w>0.
) TP T

2 2

2 2
Meanwhile,u— +——w= bu” +av —dabw . So we get this:
4a 4b 4ab
2 2 2 2
Y wso=> bu” +av’ —dabw > 0= bu’ + av* —4abw > 0, since ab > 0.
4a 4b 4ab

Thus, we get bu® + av* > dabw.
Note however, in this case, we need to assume a > 0, and b > 0, as well as a # b.
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. What is a hyperbola?

Like an ellipse, a hyperbola is a conic section, often just called a conic, too.

So it is a conic, and is a basic curve. Unlike other conics though, it is not just a single
curve, but is made of two. Each is called a branch (or arm). So a hyperbola is made of
two branches. And a branch looks like a parabola, yet is quite different from a parabola.

Though looking quite different, a hyperbola and an ellipse have quite a few in common.

A hyperbola has a center and two axes of symmetry, called the main axes, too. One is a
major axis, and the other is a minor axis, called an imaginary axis, too. And the two axes
are perpendicular to each other, and meet at the center. The major axis is however, often
called the transverse axis, and the minor axis is often called the conjugate axis.

Like an ellipse, a hyperbola has two foci, too, each of which has a corresponding
directrix. Thus, a hyperbola has two directrices, too, and each branch has a focus and a
directrix corresponding to the focus.

y --—directrices
Fig. 0 4
left branch - \{ __.-- right branch
/ 4"”
- >
\ X

So we can say that a hyperbola is made of two braches that look like parabolas.
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In the figure below, the two dotted lines are perpendicular to each other, and meet at the
center. And the dotted line passing through the foci is called the transverse line. And the
other line dotted is called the perpendicular bisector of the transverse line.

perpendicular bisector
Ya .
Fig. 1 __transverse line
D >x

Also, like an ellipse, a hyperbola has two vertices. Each branch has one vertex. And the
two vertices are the endpoints of the transverse axis, and thus, are in the transverse line.

So the length of the transverse (major) axis is the distance between the two vertices, and
the transverse line has the vertices, together with the foci and the center.

Next, a hyperbola has a focal distance, too, which is, of course, the distance from either
focus to the center, which is thus, the midpoint between the foci.

Where then are the two main axes, that is, the transverse axis and the conjugate axis?
A hyperbola is said to have an invisible rectangle.
And it can be a square, too. Anyway, taking the length of the diagonal of the rectangle,

we get twice the focal distance. So half the diagonal is the focal distance, too.
And making the rectangle visible, we can put it the way as follows.

Fig. 2 -
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We can see in the figure, the rectangle is tangent to both branches at the vertices of the
hyperbola, and its diagonal is the diameter of the circle that passes through all the
vertices of the rectangle. The circle is said to be circumscribed about the rectangle. And
such a circle is called a circumcircle. So the diagonal is the diameter of the circumcircle.

conjugate axis .-~

7z

Fig. 3 g

et \

""""""""" transverse axis

And the diameter is the distance between the two foci.
So half the diameter, that is, half the diagonal is the focal distance.
In other words, the radius is the focal distance.

Then, the transverse axis is the line segment connecting the vertices of the hyperbola,
that is, the length of the rectangle. And the conjugate axis is the width of the rectangle.

Also, half the length of the rectangle is called the semi major axis, and half the width is
called the semi minor axis.

In short, half the transverse is the semi major, and half the conjugate is the semi minor.

So the rectangle has most of the information (specifications) of the hyperbola that has
the rectangle.

Thus, specifying the dimensions of the rectangle, together with the center, we can
describe specifically (that is, define) the hyperbola.

So understanding and using the rectangle is important.
Next, unlike other conics, a hyperbola has two special lines, called asymptotes.
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The two dashed lines above are the asymptotes, and are crossing each other at the center.
So each diagonal of the rectangle is a part of each asymptote. What is an asymptote?

Suppose a point is moving along a branch of a hyperbola.

Then, there is a line that the point approaches as the point gets farther away from the
vertex. No matter how far the point may be however, from the vertex, the point will
never meet the line. And we call the line an asymptote, which a dashed line above.

So as the point gets farther and farther away from the vertex, the distance between the
point and the asymptote gets smaller and smaller, but won’t be 0. In other words, the
distance can be as good as 0, but cannot be 0. So the point doesn’t meet the asymptote.

And a hyperbola has two asymptotes, and the two meet at the center, but not necessarily
at a right angle, 90°. Thus, the asymptotes do not have to be perpendicular to each other.
So they can meet at an angle other than 90°.

And as in the case of ellipses, in this book, if the asymptotes are perpendicular to each
other, the hyperbola is said to be rectangular. So it is called a rectangular hyperbola.
Note however, in other books, it may not be called that way.

If a hyperbola is rectangular, the invisible rectangle is a square, because the asymptotes
are perpendicular to each other.

Also, in this book, if the transverse axis is horizontal, that is, parallel to the x-axis, it is
called a horizontal hyperbola, and if the axis is vertical, that is, parallel to the y-axis, it is
called a vertical hyperbola. In other books though, it may not be called that way.
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In the figure above, A is a horizontal hyperbola, B is a vertical hyperbola, C is a vertical
rectangular hyperbola, and E and F are rectangular hyperbolas. And D is just called a
nonstandard hyperbola. If a hyperbola is standard, it is either horizontal or vertical. So F

is a nonstandard hyperbola, too. And A, B, and C are standard hyperbolas.

In high school math or basic courses in university math, we usually work with standard
ones as A, B, and C above, or if it is nonstandard, it is probably a rectangular hyperbola
where asymptotes are parallel or perpendicular to the coordinate axes as F above. So in
high school math, we don’t normally use nonstandard hyperbolas as D and E above.
How then can we get a hyperbola?

As shown in the figure below, if cutting a right cone with a plane, we can get a cross
section called a hyperbola. So it’s called a conic section, just called a conic, for short.

A right cone is a cone, where the line connecting the vertex of the cone and the center of
the base is perpendicular to the base, and thus, makes a right angle (90°) with the base.

And the line stated above is called the axis of the cone. And in the study of conics, such
a right cone is said to be made or generated the way as follows.
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First, take a line as the axis of the cone to be made.
Next, make another line meet the axis of the cone at a point at an angle y, which is an
acute angle, that is, 0 <y <90°.

Fig. 6
™ the axis of the cone

" the vertex

Then, we call the other line the generator of the cone, and the point where the other line,
that is, the generator of the cone meets the axis of the cone is the vertex of the cone.

So the vertex of the cone is the point where the generator meets the axis of the cone.
And in the figure above, the angle y is called the generator angle.

Then, rotating the generator around the axis fixing the generator at the vertex, we get a
double-cone as shown below.

Fig. 7 the axis of the cone
\""‘/‘, the generator of the cone
the vertex ~~~
0 <y <90° vy is the generator angle

And note that the generator and the axis are lines, and lines have infinite lengths, so the
lengths of the cones are infinite, too. So we cannot show them all. Showing thus, such a
cone or a curve in math, we just show some part of it.

How then can we get a hyperbola cutting the cone with a plane?
The cross section in black below is a pair of curves, and is a hyperbola. So if a is the

angle between the plane and the axis of the cone, and 0 < a <y, and if the plane does not
include the vertex, the cross section is a pair of curves, and is a conic called a hyperbola.



What is a hyperbola? 217

Fig. 8

And a sketchy definition of a hyperbola can be as follows.

Suppose we designate two particular points in the x-y plane as shown in the figure below.

Then, a hyperbola is a set of points, from each of which, the difference between the two
distances to the two particular points is constant, that is, the same. And the designated
two points are called the foci of the hyperbola.

Ya
Fig. 9

D >
Also, we can describe (define) a hyperbola the way as follows, too:

Suppose a point is moving along a curve in the x-y plane, and the difference between the
two distances from the moving point to two particular points is constant.
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Then, the two particular points are called the foci, and the curve is a hyperbola.

If therefore, a point (x, y) is in a hyperbola, no matter where the point (x, y) may be, the
difference between the two distances from the point (x, y) to the two foci is constant.

Ya
Fig. A )

So using the fact above, we can actually make a hyperbola the way as follows.
First, set the two foci and another point by fastening three nails or thumb tacks to a panel

as shown below. Then, make a loop using a string and attach to the loop a spring coil or
a rubber band. Then, put the loop on the panel so that it wraps around the nails as below.

Fig. B

““tiny ring

transverse line
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And as shown below, changing the position of the beginning point, we can change the
location of the vertex and the bending in the branch. The more it bends, the closer the
vertex is to the focus.

Fig. D A

_ transverse line
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So we can see in the figure above that if a point is in the hyperbola, the difference
between the two distances from the point to the foci is constant, that is, the same,
because the length of the loop is constant.

How then, can we explain or describe a particular hyperbola?

Normally, we put a hyperbola in the x-y plain, and the hyperbola is standard, so the
transverse axis is parallel to a coordinate axis. And we can describe such a hyperbola
specifying the information as follows.

The center of the hyperbola and the lengths of the transverse and conjugate axes, along
with the orientation, which indicates if the hyperbola is horizontal or vertical

If the transverse axis is horizontal, thus, parallel to the x-axis, the hyperbola is horizontal,
and if the axis is vertical, thus, perpendicular to the x-axis, the hyperbola is vertical.

(Note that though, it is the case in this book, and it may not be the case in other books.
That is to say that in other books, hyperbolas may not be classified the way above, and
thus, may not be said to be horizontal or vertical.)

Anyway, for instance, if the center is (5, 2), and the transverse axe is 6, and is parallel to
the x-axis, and the conjugate axis is 4, the hyperbola is horizontal, and is as follows.
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And showing a hyperbola, we often show the asymptotes, too.
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And in fact, if specifying the dimensions of the rectangle, that is, the length and the
width, along with the center and orientation, we can recognize a particular hyperbola.

So if saying that the rectangle is 6 by 4, centered at (5, 2), and horizontal, we mean the

hyperbola shown above.

And if saying that the rectangle is 4 by 6, centered at (5, 2), and vertical, we mean the

hyperbola shown below.

~ lower branch

In math though, making a hyperbola, we define it. So defining a hyperbola particular, we
make the particular hyperbola. And defining a hyperbola, we use an equation indicating
the hyperbola. So we can define the particular hyperbola producing the equation ofit.

Assuming thus, H is the horizontal hyperbola above, we can define H the way as follows.

(x-5" -2y 1
3? 2?
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Notice that if a hyperbola is horizontal, the sign of x* is positive, and that the
denominator of the coefficient of x* is the square of half the transverse axis.

And assuming V is the vertical hyperbola above, we can define V the way as follows.

(»r-2’ (x-5 o
32 22

Notice that if a hyperbola is vertical, the sign of y* is positive, and that the denominator
of the coefficient of y* is the square of half the transverse axis.

And each equation above is in the standard form, and thus, is a standard equation of a
hyperbola.

Putting a standard equation in the general form, we just expand (or simplify) it.

So expanding the equation of the hyperbola H, we get

4x* — 9y* — 40x + 36y + 28 = 0, which is a general equation of a hyperbola.

And in general, putting a horizontal hyperbola in the standard form, we can put it the
way as follows.

-} - _,

o where a and b > 0. Then, the transverse axis is 2a.
a

And in the case of a vertical hyperbola, we can put it the way as follows.

=1, where a and b > 0. Then, the transverse axis is 2b.

»-»' (x-w'
b’ a’

So if we define a particular hyperbola placed in the x-y plane, we want to specify the
center and the orientation, together with the transverse and conjugate axes (or the semis).

What then is the center?

If the equation is either of the two above, the center of the hyperbola is a point (u, v).
Note that though, the standard equations above can indicate hyperbolas standard only.

Is there any equation then, that can indicate a hyperbola standard or not?
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Putting a hyperbola in such an equation, we can put it the way as follows.

ax® + by* + exy + ux + vy + w=0, where ab < 0, and 4ab < ¢*
Note that ab < 0 is saying that a and b have opposite signs. And of course, in the
equation above, a, b, ¢, u, v, and w are constant. Note however, for some values of the

constants, the equation does not indicate a hyperbola, even if ab < 0, and 4ab < ¢*.

What then about an equation that is in the general form and can indicate a hyperbola
standard only?

Putting a hyperbola in such an equation, we can put it the way as follows.

ax* + by* + ux + vy + w=0, where ab < 0
So the equation above indicates a hyperbola with the transverse axis parallel to a
coordinate axis. And notice that it does not have the xy-term, that is, cxy in the equation
shown earlier. Note however, for some values of the constants, the equation does not

indicate a hyperbola, even if ab < 0.

And we can give a name to an equation, too. For instance, assuming H is the equation
above, we can put H the way as follows.

H(x,y)=ax2+by2+ux+vy+w=0,whereab<0.

What then about the standard equation?

(x-w)’ (y-v)’

Assuming § is the equation =1, we can put S the way as follows.

a’ b’
2 2
S(x,y)= (x Zu) - (beV) —1=0,where a and b > 0.
a

y-»' (x-w)’
2 a’

And assuming U is the equation =1, we can put U the way below

(y-v) (x-w)’

2 ———1=0,where a and b > 0.
b a

U(x, y) =
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What if @ = b though, in the equation above?
Then, the equation still indicates a hyperbola. What hyperbola then, is it?

It is the hyperbola where the both main axes are a (or b), and the center is at (u, v).

-w’ ) o xmw )’
2 2 - 2 2 -
a b a a

Setting b =a in §, we get
So the equation indicates a hyperbola where the transverse axis is 2a, which is also, the
conjugate axis, and the center is (&, v). And of course, the hyperbola is horizontal.

And notice that it is not the case the standard equation of a hyperbola above is defined
for x real and y real. What then is the domain and the range?

The domain is x < -a + u or x 2 a + u, and the range is a set of all real numbers.
So more specifically, we can put the standard equation of a hyperbola the way as follows.

(x-u) (y-v)
a’ 2

=1,whereaand b>0,andx<-a+tuorx>a+u

Also, like an ellipse, a hyperbola has an eccentricity.
Unlike an ellipse however, the eccentricity is bigger than 1.  What is an eccentricity?

An eccentricity is a ratio of a focal distance to a semi major axis, so in the case of a
hyperbola, the eccentricity is the focal distance over half the transverse axis.

So of a hyperbola, the eccentricity specifies the degree, to which the branches bend.
Thus, it can tell us how flat the branches are in a hyperbola or how sharp the vertices are.
An eccentricity is denoted by e, and we have e > 1 for a hyperbola.

If the eccentricity e is close to 1, the foci are close to the vertices, and the branches bend
a lot, so the vertices are very sharp.

Therefore, the bigger the eccentricity, the flatter the branches.

So if e is very large, the two branches look like two parallel lines.

And a hyperbola has a physical property as follows.
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For instance, a light beam directed to one focus of a hyperbolic mirror is reflected
toward the other focus. Such a property can be used for the construction of a reflecting
telescope, and the idea of a hyperbola is used in a navigation system.

Fig. G

How then can we get the foci and the eccentricity?

(x-uw’ (y-v) 1
a’ b* ‘

Suppose a hyperbola is

Then, the foci are (u — ¢, v) and (u + ¢, v), where ¢* = b* + %, and ¢ is the focal distance,
that is, half the diagonal of the rectangle (the radius of the circumcircle).

Then, the eccentricity e = c/a. And the hyperbola is horizontal.

Suppose however, a hyperbola is

(y—v) _(x—u)z _1
b’ a’ '

Then, the foci are (u, v + ¢) and (u, v — ¢), where ¢* = b* + a*, and ¢ is the focal distance.

Then, the eccentricity e =% . And the hyperbola is vertical.
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... EQuUations for Hyperbolas 1

x-5 -2 _,

To begin with, putting a hyperbola in an equation, we can get 5

What hyperbola then is it?

It is a hyperbola horizontal, the center is at (5, 2), the major axis is 6, and the minor is 4.
So the transverse axis is parallel to the x-axis, and is 6, and the hyperbola is as follows.
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The transverse axis has vertices as its endpoints. And the minor axis is called the
conjugate axis, so the conjugate axis is 4, and is the line segment having the center as the
midpoint and parallel to the y-axis. What hyperbola then is the hyperbola as follows?

2 2

XY

32 2
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The hyperbola is horizontal, too. And the transverse axes is 6, and the conjugate is 4,
also, but the center is different, and is at (0, 0), that is, at the origin.
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What if the center is at (1, 1), and the other information is the same?

_1\2 _1\2
Then, the hyperbola will be as follows (x 21) _ 21) =1.
3 2

And we can put the hyperbola above in a graph the way below.

How then can we get such equations as above?

We know the fact that a hyperbola is a set of points, from each of which, the difference
between the two distances to two points called the foci is constant. So?
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So using the fact above, we can get the equation of a hyperbola.

Thus first, suppose ¢ > 0, two points P(-c, 0) and Q(c, 0) are the two foci of a hyperbola
called H, and a point 7(x, y) is an arbitrary point in the hyperbola H, that is, a random
point representing all the points in H.

Then, the center is the origin, (0, 0), and ¢ is the focal distance, because the center is the
midpoint between the foci. So we can put the three points P, Q, and T in the x-y plane
the way as follows.

Fig. 3 y =T, p)

-
-
-
-
-
-

P(-c, 0) h 06 0) x

Suppose next, the point 7 is moving along the hyperbola H, and is now at (a, 0).
Then, we get this:

0 (a, 0). g

Then, the di__ffefénce between the two distances from 7(x, y) t(;"the___‘two foci is as follows.

ﬁza—(-c)=a+c, and T_Q:c—a. Soﬁ—@=a+c—(c—a)=2a.
And we know the fact that a hyperbola is a set of points, from each of which, the
difference between the two distances to two points called the foci is constant.  So?

So no matter where the point 7T may be in the hyperbola H, the difference between the
two distances from the point 7 to the two foci is always the same, and is in this case, 2a.
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Using thus, the fact above, we can get the equation of H. How then, can we use the fact?

Fig.5

Peeo)
|

We are go-ifig to get the difference between the two distances frorﬁ"'T(x, ») to the two foci,
and then, set the difference equal to 2a, because the difference is constant, that is, the
same no matter where the point T may be in the hyperbola H.

How then can we get the two distances from T(x, y) to the two foci?

We can use the distance formula, often called Pythagorean Theorem.
What then, do we get?

We get an equation expressed in terms of the coordinates of the point 7, that is, we get
an equation in terms of x and y. And we call such an equation a connective equation.

So in this case, the connective equation is the equation that connects the two variables
used as the coordinates of the arbitrary point T(x, y) in the curve called the hyperbola H.
How then do we call the equation?

The equation explains every point in the hyperbola H, so it indicates the hyperbola H.
The equation is thus, called the equation of the hyperbola H.
So let’s now get the equation. How then can we apply the distance formula?

Assuming d is the distance between two points, Ax is the difference in x-coordinates,
and Ay is the difference in y-coordinates, we can put the formula the way as follows.

& = (Ax)* + ()’
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So using the distance formula, and assuming TP = p, and TQ = ¢, we can get

P+ -0 =@+c)+yandg’ = (x—c)* + (- 0)* = (x —c)* + .

So we get TP =\/(x+¢)* + y*,and TQ = \/(x —c)* + y’.

Thus, we get TP -TQ = \/(x+c)2 +y? —\/(x—c)2 +y* =2a. Then, we get

Jx+e) +y' =2a+J(x-c)+y' =>(x+e) +y  =QRa++(x—c) +y*)
:>(x+c)2+y2=4az+4a\/m+(x—c)2+y2
:>4a\/m:(x+c)2+y2—(x—c)2—y2—4a2
:>4a\/m:xz+2cx+c2—xz+2cx—c2—4a2 =dcx —4da’
:>a\/m:cx—a2 =a'{(x—c)+y'}=(ex—a’)’ =c’x* -2da’cx +a’

=a’(x’-2ex+ +y)=a’x’ -2d’cx+a’c’ +a’y’ =c’x* —2a’cx +a’

22 22,22, 22_ 4_ 2 22, 22_ 4 22_ 2.2 2
Sax —-cx"tactay =a=>@-c)xt+tay =a-ac=a@-c)

=1. What then about a® — ¢*?
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We can add to the graph a circle of radius ¢ centered at the origin the way as follows.
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Then, the circle’s center is the center of the hyperbola. So?
So the radius is the focal distance of the hyperbola. What then?

Assuming b > 0, and putting a point (a, b) in the circle the way above, we can get a right
triangle where the vertices are (a, 0), (a, b), and the origin. So the three sides in the right
triangle are a, b, and ¢, where c is the hypotenuse. So?

Applying thus, the distance formula, we can get this: ¢* = b* + a* = b* = - o’
2 2 2 2
And we now have x—2+ Y =1 4

X
So we get ———-=1.
a a’-c a b

And the equation above is an equation expressed in terms of x and y. And we call such
an equation a connective equation connecting x and y.

So in this case, the connective equation is the equation that connects the two variables

used as the coordinates of the arbitrary point T(x, y) in the curve called the hyperbola H.
2 2
Thus, the equation of the hyperbola H is x_2 ey =1.
a

And putting the hyperbola H in the x-y plane, we can get this:
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A
S 7 /’///T(x, 9
P(-c, 0)e N ;Q(C’ 0) >
X

So we can now say that the hyperbola H is horizontal and centered at the origin, the
major axis is 2a, and is parallel to the x-axis, and the minor axis is 2b.

That is, the transverse axis is 2a, and is horizontal, and the conjugate axis 2b.
2 2

Then, putting the hyperbola H in the equation, we get N Ay

a b
What then are the domain and the range?

The domain is x < -a or x 2 a, that is, |x| > a. And the range is y € R where R is a set of

all real numbers, that is, the range is a set of all real numbers.
2 2

What then about the domain and the range of this hyperbola: i AT

2t 3

The domain is x £ -2 or x = 2, that is, |x| > 2.

And the range is y € R where R is a set of all real numbers, that is, the range is a set of
all real numbers.

This time though, the transverse axis is 4, and thus, is smaller than the conjugate axis,
which is 6.

2 2
What then, about the domain and the range of this hyperbola: (x 21) _ 22) =1?
2 3
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2 2

Translating the hyperbola ;——;/—2 =1 by 1 along the x-axis, and by 2 along the y-axis,

2

_1\2 _ 2
we get the hyperbola (x221) _-2) =1.

32
And the domain gets translated the way the hyperbola gets translated, too.

In this case however, the range does not actually get translated, because it is a set of all
real numbers. So the range remains the same. And getting the new domain, we get

x<-2+1=-lorx=>2+1=23, so the new domain is x<-1 or x = 3.

(x+D' (42},

What then, about the domain and the range of this hyperbola: 3

2 2

Translating this time, the hyperbola 7 —’;—2 =1 by -1 along the x-axis, and by -2

(x+1)* (p+2)’ 1

along the y-axis, we get this hyperbola: 3

And the domain gets translated the way the hyperbola gets translated, too.

In this case, too, though, the range does not actually get translated, because it is a set of
all real numbers. So the range remains the same. And getting the new domain, we get

x<-2-1=-30orx=>2-1=1,sothenew domainisx<-3orx=>1.

-0’ -,

What then about this hyperbola: 5 pE
a

2 2
Translating the hyperbola * Z—z =1 by u along the x-axis, and by v along the y-axis,
a

2

2 2
we get this hyperbola: (x 2”) _W bzv) =1.
a

And the domain gets translated the way the hyperbola gets translated, too.
2 2

) X )
We know that the domain of X ¥y _ 1 isx<-aorx=>a.

a> b
(x—u) (y—v)
a’ - b’

So getting the domain of =l,wegetx<-at+u,orx>a+u.



Equations for Hyperbolas 1 235

In this case, too, though, the range does not actually get translated, because it is a set of
all real numbers. So the range remains the same.

And note that unlike an ellipse, the major axis of a hyperbola, that is, the transverse axis
does not have to be bigger than the minor axis, which is often called the conjugate axis.

So the transverse axis does not have to be larger than the conjugate axis.
In other words, the conjugate axis can be larger than the transverse axis, too.
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.. EQUations for Hyperbolas 2

2 2

To begin with, putting a hyperbola in an equation, we can get S Ay

a b
What hyperbola then is it?

It is a hyperbola horizontal, where the center is at (0, 0), and its transverse axis is 2a and
is parallel to the x-axis, and the conjugate axis is 2. And the hyperbola is as follows.

N c=b+d
Fig. 0 \\\\\\ //////
P(-c, 0) 0(c, 0) .
- JCa,0 O (a, O\ X

What if the hyperbola above is centered at a point other than the origin?
For instance, moving the center to (5, 1), we get a new hyperbola, so we get a new
equation. What then will the new equation be?

Assuming the hyperbola above is H, and the new hyperbola is G, we can get G
translating H in the amount of 5 along the x-axis, and in the amount of 2 along the y-axis.
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Fig. 1 A

x-5 -2’ _,

Then, the equation of the hyperbola G is P
a

(Note that we still get ¢* = b* + a’, because a and b are constant, and so is ¢. And
translations do not change shapes, so the focal distance ¢ does not change either.)

And in general, we can put a standard hyperbola in an equation the way as follows.

(-} -v) _,
a’ b’

Then, the center is at a point (u, v), the transverse axis is 2a, and is horizontal, that is,
parallel to the x-axis, and the conjugate axis is 2b.

And the equation above is called the standard equation of a hyperbola.

(Note however, that the standard equation above can indicate a hyperbola standard only.
If a hyperbola is standard, the transverse axis is parallel to a coordinate axis.)

What if a hyperbola is not standard, thus, tilted or slanted as the hyperbola as follows?
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Fig. 2

Given the foci, you can derive the equation using the definition for hyperbolas, or can
get the equation applying a transformation to a hyperbola standard. The transformation
is covered in the section, Transformation by Turning, in the book, GRAPH OPERATIONS.

What then, about the ellipse described below?

The center is at (0, 0), the transverse axis is this time, 2b, and is parallel to the y-axis,
and the conjugate axis is 2a.

2 2
Then, the hyperbola is vertical, and the equation is y—z - x_z =1.
b” a

So this time, the signs of the quadratic terms got swapped, and the equation looks quite
opposite of the equation of a hyperbola horizontal.
What then, are the domain and the range?

A domain is a set of all the x-values, and a range is a set of all the y-values.

So the domain is a set of all real numbers, and the range isy > b or y < -b, i.e., [y| 2 b.
And we know the foci are in the transverse line, a part of which is the transverse axis,
which is this time, parallel to the y-axis, and is the line segment from one vertex (0, b) to
the other vertex (0, -b).

And the center is the origin, so if ¢ is the focal distance, the foci are (0, ¢) and (0, -c¢).
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Assuming thus, the vertical hyperbola above is ¥, we can put ¥ in a graph the way as
follows.

Fig. 3

How then can we get the equation of V?

We know the definition for hyperbolas is saying that a hyperbola is a set of points, from
each of which, the difference between the two distances to the two foci is constant.

Using thus, the fact above again, we can get the equation of a hyperbola vertical, too.

So to begin with, suppose ¢ > 0, two points P(0, ¢) and Q(0, -¢) are the two foci of a
hyperbola called V, and a point 7(x, y) is an arbitrary point in the hyperbola V, that is, a
random point representing all the points in V.

Then, the center is the origin, that is, (0, 0), and we can say that c is the focal distance,
because the center is the midpoint between the two foci. So we can put the three points P,
0, and T in the x-y plane the way as follows.



Fig. 4
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Suppose next, the point 7 is moving now, along the hyperbola V.

We know that the difference between two distances from each point in V to the two foci

1s constant, that is, the same.

So this time, too, we are going to use the fact again.

Suppose thus, this time, that the point 7 is now at the point (0, b).

Fig. 6

Y
PO T, )
v i:\\
T T(x, )
) 2 x
>
Q(Oa 'c)

We can see that the length of TQ is b — (-¢) = b + c.

And the length of TPisc—b. Sowe get TQ— TP = (b + c) — (c — b) =2b.
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Therefore, no matter where the point 7 may be in the hyperbola ¥, the difference
between two distances from the point T to the two foci is always 2b, the transverse axis.

So we are going to get the difference between the two distances from T(x, y) to the two
foci, and then, set the difference equal to 2b.

How then, can we get the two distances from T(x, y) to the two foci?

We can use the distance formula, often called Pythagorean Theorem.

And using it, we can get an equation expressed in terms of x and y, that is, we get the
connective equation between x and y, which are the coordinates of the arbitrary point
T(x, y) in the curve called the hyperbola V. How then do we call the equation?

The equation explains every point in the hyperbola V, so it indicates the hyperbola V.

The equation is thus, called the equation of the hyperbola V.
So let’s now get the equation. How then can we apply the distance formula?

Assuming d is the distance between two points, Ax is the difference in x-coordinates,
and Ay is the difference in y-coordinates, we can put the formula the way as follows.

& = (Ax)* + (Ay)>  And we have P(0, ¢), Q(0, -¢), and T(x, y).
So using the distance formula, and assuming TP = p, and TQ = ¢, we can get
P=x-0+ -0 =X+ (-0} adg =x-0+ {y- () ="+ +0) .
So we get TP:m,andTQ :m.
Thus, we get TP —-TQ =\/x2 +(y—c) —\/x2 +(y+c)’ =2b. Then, we get
X+ (=) =2b+x* +(y+c) = x*+(y-c) =@b+x* +(y+c)*)

= x'+(y—c) =4b’ +4b\ x> +(y+¢) +x* +(y+c)

=4bx*+(y+c) =(y—c) —(y+c) —4b’ =y’ —2cy+c’ —y* —2cy -’ —4b’
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= 4b\x* +(y+¢c)’ =—4b* —4cy = bx* +(y+c)’ =—(b* +¢p)

=X’ +(y+¢)’}=(b* +cy)’ =b* +2bcy + 'y’
=X+ y +2cp+c)=b’x" + b’ y* +2b°cy + b’c? =a' +2bcy + 'y’
= b + b + bR — NP = b = B+ (B - AP = bt - B = b0 - D)

2.2 2 2

2 2 X Jy 2 2
bz—c2+y =b :>b2_c2+b—2=1. What then about b” — ¢*?

=

We can add to the graph a circle of radius ¢ centered at the origin the way as follows.

y
Fig. 6 o
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Then, the circle’s center is the center of the hyperbola. So?
So the radius is the focal distance of the hyperbola. What then?
Assuming b > 0, and putting a point (a, b) in the circle the way above, we can get a right

triangle where the vertices are (a, 0), (a, b), and the origin. So the three sides in the right
triangle are a, b, and ¢, where c is the hypotenuse. So?
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Applying thus, the distance formula, we can get this ¢* = b* + a* = -a* = b* - ¢*.

2 2

y

2 2 2
And we now have l;zijrb_z:l' So we get —:—2+ :1:2)—2—:—2:1.

And the equation above is an equation expressed in terms of x and y. And we call such

»
2

an equation a connective equation connecting x and y.

So in this case, the connective equation is the equation that connects the two variables

used as the coordinates of the arbitrary point T(x, y) in the curve called the hyperbola V.
2 2
Thus, the equation of the hyperbola V is ’l):—z—z—z =1.

And putting the hyperbola V in the x-y plane, we get

y =0 +d
Fig. 7

So we can now say that the hyperbola V is vertical and centered at the origin, the major
axis is 2b, and is parallel to the y-axis, and the minor axis is 2a.
That is, the transverse axis is 2b, and is vertical, and the conjugate axis 2a.
2 2
Then, putting the hyperbola V in the equation, we get RAN. .y

2 2
b a

What are then, the domain and the range?

The domain is x € R where R is a set of all real numbers, that is, the domain is a set of
all real numbers. And the range is y <-b or y > b, that is, |y| > b.
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2 2
X

What then about the domain and the range of this hyperbola: y—z -—=1?
2" 3

The domain is x € R where R is a set of all real numbers, that is, the domain is a set of
all real numbers. And the range is y <-2 or y > 2, that is, |y| > 2.

Note that the transverse axis is 4, and thus, is smaller than the conjugate axis, which is 6.
So the transverse axis can be smaller than the conjugate axis.

2 2
What then about the domain and the range of this hyperbola: ( 21) _(x=2) =1?

32
yl x2
Translating the hyperbola PYaeT =1 by 2 along the x-axis, and by 1 along the y-axis,
_1\2 _ 2
we get the hyperbola (v 221) - (x322) =1.

And the range gets translated the way the hyperbola gets translated, too.
And getting the new range, we get
y<-2+1=-lory=>2+1=3,s0thenewrangeisy<-lory23.

In this case however, the domain does not actually get translated, because it is a set of all
real numbers. So the domain remains the same, and thus, is a set of all real numbers.

G+ (242,

What then about the domain and the range of this hyperbola:

32
2 2
Translating this time, the hyperbola %—3—2 =1 by -2 along the x-axis, and by -1
2 2
along the y-axis, we get this hyperbola: £l +21) _xr2) 1.

32

And the range gets translated the way the hyperbola gets translated, too. And getting the
new range, we gety<-2—-1=-3 ory>2-1=1,sothenewrangeisy<-3ory>1.

In this case, too, though, the domain does not actually get translated, because it is a set
of all real numbers. So the domain remains the same, thus, a set of all real numbers.
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What then about this hyperbola:

@ -,
a

2 2

Translating the hyperbola % _x_z =1 by u along the x-axis, and by v along the y-axis,
a
2 2
we get this hyperbola: ( zv) _x zu) =1.

a

And the range gets translated the way the hyperbola gets translated along the y-axis, too.
2 2
We know that the range of x_z_ZT =1 isy<-bory=>b.
a

(y-v)' (x-wy’

So getting the range of 5
b a

=l,wegety<-b+v,ory=>b+v.

In this case, too, though, the domain does not actually get translated, because it is a set
of all real numbers. So the range remains the same, and is a set of all real numbers.

(And note that unlike an ellipse, the major axis of a hyperbola, that is, the transverse axis
does not have to be bigger than the minor axis, which is often called the conjugate axis.
So the transverse axis does not have to be larger than the conjugate axis. That is, the
conjugate axis can be larger than the transverse axis.)

So in sum, we have just covered two equations indicating hyperbolas in two kinds.

2 2

y

. X . )
Oneis — _F =1, where c=b+ az, where c is the focal distance.
a

The hyperbola above is horizontal, the center is at (0, 0), the transverse axis is 2a, and is
a part of (thus, parallel to) the x-axis, and the conjugate axis is 2b. So the hyperbola is as
follows.
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A c=bn+d
Fig. 8
P(-c, 0)
(-c, 0) .
l‘ X
yZ x2
And the other is FER =1, where E=p+ az, and c is the focal distance.
a

The hyperbola above is vertical, the center is at (0, 0), the transverse axis is 2b, and is a
part of (thus, parallel to) the y-axis, and the conjugate axis is 2a.
So the hyperbola is as follows.

2 2 2
y c=b"+ta
ig. 9 A .
Fig. 0
N //
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N e
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g (0, -C) S
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What if the center is not at the origin as in the case as follows?



248

2_ 42, 2
Ya c=b"+ta
Fig. A e
AR ///
N (u, c +v) %
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Then, the equation is ( e ) —( > ) =1, where ¢" = b+
a

Note that we can get the hyperbola above translating a hyperbola in amount of # along

the x-axis, and in the amount of v along the y-axis.

2 2
And the hyperbola to be translated is y—2 -— =1L
b> a
And 1n the case as follows,
2_ 42, 2
N c’=b"+a
~_! y=b+vy e
\\\\ /// \)<: /,//
\\\ // x/ \\ ///
/| SO I
Peetum. [N\ N ety
\‘\ Il SN e //’,
RN S~ | \
v . —e- .
|\ k /// \\\ /* I’
\ \\ e S // »
) N /,\(\/ u /7\\ / X
2N\ \ / ~ W
//’// \\\ \ // // \\\\ \\\\
P Catu,v) (atuv) y=-b+v

g
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(x-u)’ (y-v)’

—— =1, where E=b+d.
a b

The equation is

Note that assuming K is the hyperbola above, we can get K translating a hyperbola in

amount of u along the x-axis, and in the amount of v along the y-axis.
2 2

And the hyperbola to be translated is S Ay

a> b

Also, assuming L is the hyperbola above, we can get L translating the hyperbola K in
amount of —u along the x-axis, and in the amount of —v along the y-axis.
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... Elements of a Hyperbola

As in the case of an ellipse, working with a hyperbola, too, we often need to refer to
some basic elements in it. And the elements are as follows.

center, foci, directrices, vertices, main axes, focal distance, eccentricity, and asymptotes.

So let’s now take a close look at each of those elements.

To begin with, a hyperbola has two vertices, which are both ends of the transverse axis.

Fig. 0 c=b+a

So in the hyperbola above, the two vertices are (-a, 0) and (@, 0). What about P and Q?

The two points P(-c, 0) and Q(c, 0) are the foci, and the center is (0, 0).
And the transverse axis is a part of a line called the transverse line, and we can notice

that the transverse line has all the five points: the vertices, the foci, and the center.

So we can also notice that if a hyperbola is horizontal, the y-coordinates are the same at
all those five points, which share thus, the same y-coordinate.
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Then, we can notice also that if a hyperbola is vertical, the x-coordinates are the same at
all the five points: the vertices, foci, and center, which share thus, the same x-coordinate.

Next, a hyperbola is symmetric, and has two axes of symmetry, called main axes, too.

One of the two is called the major axis, and the other is called the minor axis. Usually
though, the major is called the transverse axis, and the minor is called the conjugate axis.

And in the case of the hyperbola below, the line segment connecting the vertices is the
transverse axis, the length of which is 2a, and the line segment connecting the two points
(0, b) and (0, -b) is the conjugate axis, the length of which is 2b. Usually though, we just
call 2a the transverse axis, and call 2b the conjugate axis.

Fig. 1 a A=b+d
(a, b)
________________________ //
\\ // //
AN . 7 2 2
S R Vs X
e V7 W AR i A _z_y_2=1
\\\ Yy U) /,/ a b
P(-c, 0)_ I .Q(C, 0) >

What then about a and b?
We call a the semi major axis, and b is called the semi minor axis.

And a hyperbola has two lines called asymptotes, each of which has a slope. We can get
the two slopes using the semis, a and b. Note however, in cases of asymptotes, it doesn’t
matter which of @ and b is the semi major axis. We just use the definition for slopes, rise

. . b . b
over run. So in the case of the asymptotes above, one slope is —, and the other is ——.
a a
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And since both asymptotes pass through the origin, they are the two lines y = igx.
a

And as we can see in the equation of the hyperbola above, if a hyperbola is horizontal,
the sign of x*-term is positive, and the sign of y*-term is negative.

And if it is vertical, the sign of x*-term is negative, and the sign of y*-term is positive.

Next, the focal distance is the distance from a focus to the center.

The two foci are symmetric about the center. So the focal distance is half the distance
between the foci. So in the hyperbola above, ¢ is the focal distance.

Next, in the case of the hyperbola above, the two foci are (-¢, 0) and (¢, 0).

The difference between two distances from every point in a hyperbola to its two foci is
constant, that is, the same. And in the case of the hyperbola above, the difference is 2a,
which is (the length of) the transverse axis.

What then about this: ¢® = b> + a*?

It can be called the connective equation between the focal distance and the semi axes.
And we can get the equation from the three facts as follows.

1. One i1s that ¢ is the focal distance, that is, the distance from one focus to the center.

2. Another is that the focal distance is the radius of the circle that is centered at the
center of the hyperbola, and is passing through the foci of the hyperbola.

3. And the other fact is that a right triangle is made by three points, one is a point where
the circle meets an asymptote, another is a vertex, and the other is the center.

And in the case of the hyperbola above, the three points can be (a, b), (a, 0), and (0, 0).

So the three points above determine a right triangle, where the hypotenuse is ¢, which is
the focal distance. Using thus, the distance formula, we can get ¢* = b* + a*.

So the focal distance is ¢ =+ a* + b”.



254

And in the case of the horizontal hyperbola above, the two foci are (-¢, 0) and (c, 0).

So we can put them this way, too: (—/a* +b*, 0) and (vVa’ +b*, 0).

What if a hyperbola is vertical, and the semis are a and b?

We still get ¢ = b* +a*.  So we get ¢ =+/a’ + b, too.

Therefore, in the case of a vertical hyperbola, too, the focal distance is ¢ =+/a* + b”.

And in the case of a hyperbola vertical and centered at the origin, the two foci are (0, ¢)
and (0, -¢), because the transverse line is the y-axis.

So in that case, we can put the foci this way, too: (0, va*+5*) and (0, —/a* +b*).

Next, a hyperbola has a special number called an eccentricity, which is a ratio of a focal
distance to the semi major, i.e., the focal distance over half the transverse axis.

Fig. 2 Ya =a*+b, and e = cla
N /’/ 2 2
SO 7 X
sl b e Sp=ir=1
at b
P(-c, 0) N 0(c, 0)
. > 4 >

So of a hyperbola horizontal, the eccentricity is e =< , and specifies the degree, to which
a

the hyperbola bends. It can tell us thus, how flat or sharp the branches are.
Usually, an eccentricity is denoted by e, and we have e > 1 for a hyperbola.

And if the eccentricity e were 1, each branch would be a ray.
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So if the eccentricity is close to 1, each branch is very sharp at the vertex.
And if e is very large, the branches are very flat, and look like two parallel lines.
So the bigger the eccentricity, the flatter the branches.

Now, the eccentricity e is a ratio, which is the focal distance over half the transverse.

. : c .
So in the case of a hyperbola horizontal, we get e =—. because the transverse is 2a.
a

: : c :
And in the case of a hyperbola vertical, we get e =; , because the transverse is 2b.

So we can put the focal distance ¢ the ways below, too:

. . c . . . c
If horizontal, since e = —, we get ¢ = ae, and if vertical, since e =; , we get ¢ = be.
a

How though, would each branch be a ray if it were the case where e = 1?

If a hyperbola is horizontal, we have e =%, Sowe getc=aife=1.
a

And next, we havec =va® + b*,s0 if ¢ = a, we would get b = 0.

Thus, if e = 1, the invisible rectangle would be a line segment of length 2a.

So if it were the case where e = 1, the hyperbola would be as follows.

Fig. 3 y

— "4, 0) 0 @ > >

Therefore, if e = 1, each branch would be a ray beginning at the vertex.
Let’s take another look at the eccentricity, but this time, a bit differently.
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If a hyperbola is horizontal, we have e =< ,andc =+a’ +b*.
a

2 2 2 2 2
- . a +b a +b b
Then, we can put the eccentricity e this way, too: e = \/ = \/ = \/ 1+—.

2 2
a a a

Then, as b changes and approaches 0, the eccentricity e changes and approaches 1. And

since ¢ =+/a’ +b*, the focal distance ¢ approaches a. So the foci approach the vertices.

Thus, as b changes the way above, each branch changes and approaches a ray beginning
at its vertex.

In the figure below, we can see that as b gets smaller, the branches get sharper at the
vertices. So both branches would be two rays beginning at the vertices if b were 0.

N F=a*+b,and e=cla

So as b changes the way above, each branch approaches a ray beginning at its vertex,
and the foci approach the vertices. And the same is true for a hyperbola vertical, too

If a hyperbola is vertical, we have e =§ ,andc =+a’ +b*.

b b b
Then, as a changes and approaches 0, the eccentricity e changes and approaches 1. And

2 2 2 2 2
.. ) a +b b”+a a
Then, we can put the eccentricity e this way, too: e = \/ = \/ = \/ 1+—-.

since ¢ =+/a’ +b*, the focal distance ¢ approaches b. So the foci approach the vertices.
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Thus, as a changes the way above, each branch changes and approaches a ray beginning
at its vertex.

And next, as in the case of an ellipse, a hyperbola has two directrices, too.

In the figure below, the two vertical lines in gray are the two directrices, one is with the
left branch, and the other is with the right branch.

Ya =a*+b,and e=cla
X =-ale-__ _-xXx=ale
\\‘ ....................... "”
Fig. 5 \ / v )
b PrarTE
P('c9 0). \\ ,// .Q(cs 0) >
Ja,0)| 0| (a, 0)\ X

So if a hyperbola is horizontal, directrices are vertical lines, that is, lines perpendicular
to the x-axis. And the focus on the left is said to correspond to the directrix on the left,
and the focus on the right is said to correspond to the directrix on the right.

So in the figure above, the vertical line x = -a/e is the directrix corresponding to the
focus P, and the other line x = a/e is the directrix corresponding to the focus Q.

) ) ) a a
How are the two directrices though, the two lines x =——, and x =—?
e e

To begin with, in an ellipse, the distance from a point to a focus is less than the distance
from the point to the directrix corresponding to the focus, since 0 < e <1 for an ellipse.

However, in a hyperbola, the distance from a point to a focus is greater than the distance
from the point to the directrix corresponding to the focus, because e > 1 for a hyperbola.
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So next, we can use the fact above the way as follows.
Suppose d is the distance from a point in a hyperbola to a focus, and D is the distance
from the point to the directrix corresponding to the focus.
) . d
Then, we get d = eD where e is the eccentricity. In other words, we getB =e.

And the same is true for the other directrix, too. What then are the two directrices?

Assuming H is the hyperbola below, we can say that the directrices of H are two vertical

.. ) D a ) D a
lines in gray, one is Dy, which is x =——, and the other is Dg, which is x =—.

e e
2_ 2 12 _ -
Ya ¢ =a +b°,and e = cl/a, so c = ae, t00.
x=-ale-__ - Dg
L &«
Fig. 6
S 5 /
P(-c, 0) R
Jia,0)| 0| (a,0)\ O(c, 0) X
e NG 2 2
7z L ~N ¥ x
b XY
// ol ‘\‘«-'""V. \\ a b
DL/ e | = = a/e

. . . a a
Let’s now check to see if the directrices of H are x=——, and x =—.
e e

To begin with, we know the fact that d = eD, where e is the eccentricity, d is the distance
from a point in a hyperbola to a focus, and D is the distance from the point to the
directrix corresponding to the focus. So we are going to use the fact above.

Suppose first, x = m is the equation of the directrix Dg shown in the figure above, and

next, the arbitrary point T(x, y) is now in the right branch.
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Then first, we can see that (x — m) is the distance from T(x, y) to the directrix Dg.

And next, assuming ¢ is the distance from 7T(x, y) to the focus Q(c, 0), we get
== +0-0'=C@-+y=>¢=x-0 +).

2 2

X
And we have—z—y—zzl, and ¢* = b* +a’.
x2 yZ x2 y2 x2 y2 y2 x2 a2_x2
Soweget -5 =F-S5—F=S5+5 5 =-1=>5—=1-—5= -
a b a ¢ —-a a a -c a —c a a

. Thus now, getting back to this: ¢* = (x — ¢)* + y*, we get

2 2 2 2
:>y2:(a c)(za xX)

a

(a* -c*)(a* - xP) _ a*(x—c) +(a’* -c*)(a* - x?)

2 2
a a

=q =(x-c)*+

Meanwhile, a*(x — ¢)* + (a* - &) (@* = x*) = a*(* = 2¢ex + ) + a' — a’X* — & + AP

2.2 2 22, 4 22 22, 22 4 2 2.2 2 2
=ax -2acxtacta -ax —-ac+cx =@ -2acx+c’x)=(@a —cx).

2 2 2 2 2
So we getqzz(a 2cx) :La cx} :(a_ﬂJ ,
a

a

And we know ¢ is a distance. So we getq =|a o B
a
And we know T(x, y) is now in the right branch. So we now have x > a, and ¢ > a.

X cx cx cx )
Thus, we getx>a = —2>21=>—>¢c=>-——<-c=>a——<=<a-c<0,since c > a.
a a a a

cx cx cx
Sowe geta——<0=—-a>0. And we have g =|a——|.
a a a

cx c
Thus, we get g =——a. And we have e=—. So we get ¢ = ae, too.
a a
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cx aex
Thus, weget g=—-a=—-a=ex—a=>q=ex—a.
a a

Next, we have d = eD, where d is the distance from a point in a hyperbola to a focus, and
D is the distance from the point to the directrix corresponding to the focus.

And in this case, d is the distance from the arbitrary point T(x, y) to the focus Q(c, 0),

and thus, is ¢, which is ex —a. So the distance d is ex — a.

And D is the distance from the point T(x, y) to the right directrix corresponding to the
focus Q, and the right directrix is Dg, which is the line x = m. So the distance D is x — m.

Thus, in sum, we have d =ex—a,and D=x—-m. So we get
d=eD=>ex—-a=e(x—m)=ex—em=>ex—a=ex—em = a=em=m=adle.

And the directrix is Dg, which is the line x = m.

) ) ) ) a
So the directrix Dg 1s the line x =—.
e

Suppose this time, x = -n is the equation of the directrix Dy, as shown in the figure below,
and the arbitrary point 7(x, y) is now in the left branch.

Fig. 7 Ya c2=a2+b2, and e = c/a, so ¢ = ae, 100.
X=-n-___ __-Dp
\ T A”/
TEop) N o
Do \\ b // e
P('c, 0) ('a, 0) // 9\\\ (aa 0) :-:Q(ca 0) X
b X'y
=1
//// "'f..,’, o \\\\ a b
DL/ ....................... S~ X = a/e
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Then first, we can see that (-n — x) is the distance from T(x, y) to the directrix Dy.
And next, assuming p is the distance from 7(x, y) to the focus P(-c, 0), we get

P=E++-0=x+o+y'=p'=(x+c)+)y.

2 2

) X
And we know that since we have —— A

- b—zzl, and ¢ =b* +a’, we can get
a

) _ (@' —c')a’ - x%)

a

(@’ -c*)(a* - xP) _ a*(x+c) +(a* -c*)(a* —x?)

So we get p* =(x+¢)’ + -

a a

Meanwhile, a*(x + ¢)* + (@ — ) (@* = x*) = a*(x* + 2¢ex + ) + a* — aPxF — PP + X

2.2 2 22, 4 22 22, 22 4 2 2.2 2 2
=ax +2acxtacta —ax —ac+cx =@ +22acx+cx)=(@ +cx).

, (@’ +cex) a’ +cx ’ ex
So we get p” = > = =la+—| .
a a a

And we know p is a distance. So we getp =|a + & |
a
And we know T(x, y) is now in the left branch. So we now have x < -a, and ¢ > a.

X cx cx )
Thus, we getx<-a=>—<-1=2—<-—c=>a+—<a-c<0,since c > a.
a a a

cx cx cx
Sowe get a+—<0=>-a——>0. And we have p=|a+—].
a a a

cx c
Thus, we get p=—a——. And we havee=—. So we get ¢ = ae, too.

a a
cx aex

Thus,we get p=—a——=—a———=-a—ex=p=-(a+ex).
a a

Next, we have d = eD, where d is the distance from a point in a hyperbola to a focus, and
D is the distance from the point to the directrix corresponding to the focus.

And in this case, d is the distance from the arbitrary point 7(x, y) to the focus P(-c, 0),
and thus, is p, which is -(a + ex). So the distance d is -(a + ex).
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And D is the distance from the point T(x, y) to the left directrix corresponding to the
focus P, and the left directrix is D, which is the line x = -n. So the distance D is -n — x.

Thus, in sum, we have d =-(a + ex), and D =-(n +x). So we get

d=eD=>-(atex)=-e(n+x)=>a+tex=e(n+x)=en+ex=>a=en=n=ale.

And the left directrix is Dy, which is the line x = -n.

) . ) ) a
So the directrix Dy is the line x =——.
e

2 2
And let’s now find for instance, the directrices of this hyperbola: :—2—';—2 =1.

2

a c a
Wehavex=+—,e= —,andc=+a’ +b*. So first, we can get x =+—.
e a c

And we have a=4, and b = 2.

So finding first, the focal distance, we getc = \/a2 +b* = \/42 +2* =20 =24/5.
@ 16 8 85

¢ 255 5 5
8.5

So the directrices are x = i? ~+3.5777.

Thus, next, we can get

(x-u) -v_,

What then about the directrices of this hyperbola: 5 FE
a

2 2

We know that the hyperbola H is x_2 —Z—Z =1.

a
So assuming G is the hyperbola in question, we can get G translating the hyperbola H in
the amount of # in the direction of the x-axis, and in the amount of v along the y-axis.

And we know that the center of the hyperbola G is (u, v).

So in short, moving the center of the hyperbola H to the point (u, v), we can get G.
Then, the directrices of H will be translated exactly the way the hyperbola H gets
translated.
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) ) a
And we know that the directrices of H are x =+ —.

e

So the directrices of G will be as follows x = i£+ u.
e

. ) . a a
That is, the two directrices are x =——+ u, and x =—+ u.

e

e

(x—uw} - _,

a

bZ

xXx=-aletu

=0 +d

_X=ale+tu

Let’s now, for instance, find the directrices of this hyperbola:

. . . X
First, we’ve already found the directrices of >

2 2

y

- -0,

22

85

—-=1,and they are x =+ ——.
4’ Y 5

So next, translating the directrices above by 2 along the x-axis, and by 1 along the y-axis,

we get the directrices of the hyperbola we want to find the directrices of.

We know however, translating a vertical line along the y-axis, we see no change in the

line. So assuming (2, 1) is a new center, we just add the x-coordinate of the new center

to the directrices of the hyperbola centered at the origin.
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Then, we get x = iSTS + 2, which are the directrices we want. And more specifically,

oneisx =—

8\5/5 +2= 10-8V5 ~ —1.58, which corresponds to the left focus.

And the other is x =

Sf +2= 1085 ~ 5.58, which corresponds to the right focus.

2 2
What if the hyperbola is vertical, that is, if it is y—z - x_2 =1?
b a

Putting first, the hyperbola above in a graph, we can put it the way as follows.

2 2 2
y c=b"+ta
Fig. 9 4
.
//
N °
4
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o S .
\\\ 2 S P N ///
~Ni,7 NG/
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! . e !
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| O~ !
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To begin with, we know the fact that if in a hyperbola, d is the distance from a point to a
focus, and D is the distance from the point to the directrix corresponding to the focus,

: . d
we get d = eD, where e is the eccentricity. In other words, we getB =e.
Next, the directrices are perpendicular to the transverse axis.
And we know if a hyperbola is horizontal, the transverse axis is parallel to the x-axis.

So the directrices of a hyperbola horizontal are perpendicular to the x-axis.
What then about the directrices of a hyperbola vertical?
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If the hyperbola is vertical, the transverse axis is parallel to the y-axis.
So the directrices are horizontal, that is, perpendicular to the y-axis.

: ) a ) . .
And next, the directrices of H are x = +— , where a is half the transverse axis, and e is
e

the eccentricity. What then are the directrices of the hyperbola vertical?

If the vertical hyperbola is K, the directrices of K are y = ié , where b is half the
e

transverse axis.

2 2 2
Ya c=b"+a
Fig. A 0, b)
AY
\\ //
\ P
\\\ \\ //
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N 7N =~ &
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/ \\ // \
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0, -b X
9 N
2 2
y X
(?

2 2
We know finding the directrices of :—2—’;—2 =1, we getx = i%.
2 2
So the directrices of 2~ > =1 are y = iﬁ. How?
4 2? 5

2

b
We havey=i—,e=%, andc =+b* +a*. So first, we can gety =+ —.
€ c
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And we have a =2, and b = 4.

So finding first, the focal distance, we gete = a? +b? =v4? +2? =20 = 24/5.

16 8 8J/5 85

5
Thus, the directrices arey=+—=+——=+—=+——_ Thatis,y=+——.
c NS 5 5
2 2
(CR M E)

What then about the directrices of this hyperbola: e
a

Assuming the hyperbola above is J, we can get J translating the hyperbola K in the
amount of u along the x-axis, and in the amount of v in the direction of the y-axis.

And we know that the center of the hyperbola J is (u, v).
So in short, moving the center of the hyperbola K to the point (u, v), we can get J.

Then, the directrices of K will be translated exactly the way the hyperbola K gets
translated.

And we know that the directrices of K are y = ig .
e

So the directrices of J will be as follows. y= ié +v
e

That is, the two directrices are y = b + v, and y _b +v.
e e
2 2
Let’s now, for instance, find the directrices of this hyperbola & +25) _ 223) =1.
, o Pox? 85
First, we’ve already found the directrices of Z—z—;—z =1, and they are y = iT[.

So next, translating those directrices by 3 along the x-axis, and by -5 along the y-axis,
we get the directrices of the hyperbola we want to find the directrices of.

We know however, the directrices above are horizontal, and translating horizontal lines
along the x-axis, we see no change in the lines.

So assuming (3, -5) is a new center, we just add the y-coordinate of the new center to the
directrices above.
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Note however, we can do so, because the hyperbola getting translated is centered at the
origin.

Then, we get y = iSTS_ 5, which are the directrices we want. And more specifically,

85

oneisy = 5 5 = —8.58, which corresponds to the lower focus.

8.5

And the other is y = = 5 ~ -2.58, which corresponds to the upper focus.

2 2

: x : : :

And translating the curve of % —— =1 in the amount of u along the x-axis, and in
a

W= -w'_,

the amount of v along the y-axis, we get the curve of pE
a

Besides, the equations of the asymptotes are as follows.

b : . .
y —v=2x—(x - u), which are the two equations of the two asymptotes we get if we
a

b : :
translate the asymptotes y = £ —x by u along the x-axis and by v along the y-axis.
a

And putting in graphs the two curves above along with their elements, we can put them
the way as follows.

2 2 2
yA c’=b"+a
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Fig. C
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«~ummary on Hyperbolas

Now, summing up, we can put together the ideas on hyperbolas the way as follows.
2 2

To begin with, putting a hyperbola in a standard equation, we can get _Z_Z_z =1.
a
What hyperbola then is it?

If H is the hyperbola, H is centered at (0, 0), the origin, and since the coefficient of x* is
positive, it is horizontal, so the transverse axis is parallel to the x-axis, and is 2a, and the
conjugate axis is 2b. And assuming c is the focal distance, we get ¢* = b + a’.

A
xX=-ale -___ e al
______________________ 4
Fig. 0 \\\\\\ /////

Ty .’; ;-. .

('C, 0). \\\\ ///, .(c’ 0) >
e 0)| 0% | (e, 0) x
e //// _b \\\ -

P .
e \\ ,, \\\
( Y S . J/
y = (bla)x y = -(bla)x

So next, since the semi major axis is @, assuming e is the eccentricity, we gete =—,
a

where c is the focal distance, of course. And we have e > 1, since ¢ > a.

And next, since H is horizontal, the two directrices are two lines parallel to the y-axis.
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) ) .. a ) )
The distance from the center to each directrix is —, where a is half the transverse axis,
e

. .. ) ) : ) a
and e is the eccentricity. So since the center is (0, 0), the two directrices are x =+ —.
e

2

. : . a
So we can put the two directrices this way, too: x =+ —.
c

And we know e =

Q|0

. . b
And since the center is (0, 0), the two asymptotes are y =+ —x.
a

Next, since the hyperbola H is horizontal, the center and foci have the same y-coordinate.
And the center is the midpoint between the foci. So since the center is (0, 0), and the
focal distance is ¢, the two foci are (-¢, 0) and (c, 0).

Also, since H is horizontal, the center and the vertices share the same y-coordinate, too.

And the center is the midpoint between the vertices. The distance from the center to a
vertex is the semi major axis, which is half the transverse axis. So since half the
transverse axis is @, and the center is (0, 0), the two vertices are (-a, 0) and (a, 0).

2 2

. . . . : x
So for instance, putting a horizontal hyperbola in an equation, we can get i Ay

42 32
What hyperbola then is it?

If K is the hyperbola, K is centered at (0, 0), the origin, and is horizontal, so the
transverse axis is parallel to the x-axis, and is 8, and the conjugate axis is 6.

And the focal distance is 5, because if ¢ is the focal distance, we get ¢t =b* + a*, where
a =4, and b = 3, where a is the semi major axis, and b is the semi minor axis.
3

) . b
And since the center is (0, 0), the two asymptotes are y =+ —x = izx.
a

) ) .. c 5 ) ) . )
Next, assuming e is the eccentricity, we get e =— = Z, where a is the semi major axis,
a

which is half the transverse axis, and c is the focal distance.
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A
x=-16/5-___ - x=16/5
Fig. 1
(-5,0) 5:0) .
(-4,0) ,//O\\\\ 4, 0) X
i y= (3/4)}"' ...................... y’= -(3/4)x :

) . : . 16
And since the center is (0, 0), the two directrices are x = i?.

Next, since the hyperbola K is horizontal, the center is (0, 0), and the focal distance is 5,
the two foci are (-5, 0) and (5, 0). (Note that horizontal means the same y-coordinate.)

Also, since K is horizontal, half the transverse axis, that is, the semi major axis is 4, and
the center is (0, 0), the two vertices are (-4, 0) and (4, 0).
=) _@=v'_,

What then about the hyperbola as follows? > >
a b

If G is the hyperbola, the hyperbola G is centered at (u, v), and since the coefficient of x*
is positive, G is horizontal, so the transverse axis is parallel to the x-axis, and is 2a, and
the conjugate axis is parallel to the y-axis, and is 2b.

And assuming c is the focal distance, we get ¢* = b* + a’, where a is half the transverse
axis, and b is half the conjugate axis.

So next, since half the transverse axis is @, assuming e is the eccentricity, we get e =—,
a

where c is the focal distance, of course. Also, we have e > 1, too, since ¢ > a.



272
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And since the center is (u, v), the two asymptotes are y — v =+ — (x — u).
a

2

. ) ) . a a
Also, since the center is (u, v), the two directrices are x =+t —+u=+—+ u.
e c

Next, since the hyperbola G is horizontal, the center is at (u, v), and the focal distance is
¢, the two foci are (u — ¢, v) and (u + ¢, v).

Also, since G is horizontal, the center is (u, v), and the semi major axis, that is, half the
transverse axis is a, the two vertices are (# — a, v) and (u + a, v).

And notice that translating the hyperbola H in the amount of # along the x-axis, and in
the amount of v along the y-axis, we get the hyperbola G.

Also, of course, translating the hyperbola G in the amount of -u along the x-axis, and in
the amount of -v along the y-axis, we get the hyperbola H.

So for instance, putting a horizontal hyperbola in an equation, we can get

=7 -2’ _,
42 32

What hyperbola then is it?

If L is the hyperbola, the hyperbola L is centered at (7, 2), and is horizontal, so the
transverse axis is parallel to the x-axis, and is 8, and the conjugate axis is 6.
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And assuming c is the focal distance, we get ¢t =b* +a’, where a =4, and b = 3, where
a is half the transverse axis, and b is half the conjugate axis. So the focal distance is 5.

c_>3 , where c is the focal

Thus next, assuming e is the eccentricity, we gete = —
a

distance, and a is half the transverse axis.
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And since the center is (7, 2), the two asymptotes are y — 2 = i% x=17).

. ) . . 16
Also, since the center is (7, 2), the two directrices are x = i?+ 7.

Next, since the hyperbola L is horizontal, the focal distance is 5 and the center is (7, 2),
the two foci are (7 — 5, 2) and (7 + 5, 2).

Also, since L is horizontal, the center is (7, 2), and the semi major axis, that is, half the
transverse axis is 4, the two vertices are (7 — 4, 2) and (7 + 4, 2).
2 2
Y X1

Next, putting a vertical hyperbola in a standard equation, we can get FER =

What hyperbola then is it?

If V'is the hyperbola above, V' is centered at (0, 0), the origin, and since the coefficient
of y* is positive, it is vertical, so the transverse axis is parallel to the y-axis, and is 2,
and the conjugate axis is 2a. And assuming c is the focal distance, we get ¢ = b + a*.
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. . .. c . :
So next, assuming e is the eccentricity, we get e =Z , where c is the focal distance, and b

is half the transverse axis. Also, we have e > 1, since ¢ > b.

) ) b
And since the center is (0, 0), the two asymptotes are y = £—x.
a
b2
Also, since the center is (0, 0), the two directrices are y =+ —=1—.
e c

Next, since the hyperbola V' is vertical, the center and foci share the same x-coordinate.
So since the center is (0, 0), and the focal distance is ¢, the two foci are (0, ¢) and (0, -¢).

Also, since V is vertical, the center and the vertices share the same x-coordinate, too. So
since the semi major axis, that is, half the transverse axis is b, and the center is (0, 0), the
two vertices are (0, b) and (0, -b).

2 2
So for instance, putting a vertical hyperbola in an equation, we can get ’;—2 —z—z =1.
What hyperbola then is it?

If M is the hyperbola, M is centered at (0, 0), the origin, and is vertical, so the transverse
axis is parallel to the y-axis, and is 6, and the conjugate axis is 8.

And assuming c is the focal distance, we get ¢t =b* +a’, where b =3, and a = 4, where

b is half the transverse axis, and a is half the conjugate axis. So the focal distance is 5.
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) ) . c 5 . )
So next, assuming e is the eccentricity, we get e =; = E’ where c is the focal distance,
and b is half the transverse axis.
Fig. 5 Ya
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And since the center is (0, 0), the two asymptotes are y =+ —x = izx.
a
. ) . ) b b’ 9
Also, since the center is (0, 0), the two directrices are y=+—=+—= ig
e c

Next, since the hyperbola M is vertical, the center is (0, 0), and the focal distance is 5,
the two foci are (0, 5) and (0, -5). (Note that vertical means the same x-coordinate.)

Also, since M is vertical, the center is (0, 0), and the semi major axis, that is, half the
transverse axis is 3 and, the two vertices are (0, 3) and (0, -3).
-’ (x-w)

¥ & =1

What then about the hyperbola as follows?

If J is the hyperbola, J is centered at (u, v), and is vertical, so the transverse axis is
parallel to the y-axis, and is 2b, and the conjugate axis is parallel to the x-axis, and is 2a.

And assuming ¢ is the focal distance, we get ¢* = b* + a’.

. . .. c . :
So next, assuming e is the eccentricity, we get e =; , wWhere c is the focal distance, and

half the transverse axis is b. Also, we have e > 1, too, since ¢ > b.
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And since the center is (u, v), the two asymptotes are y — v =+ — (x — u).
a

. . : ) b b’
Also, since the center is (u, v), the two directrices are y=t—+v=t—+ v,
e c
Next, since J is vertical, the center and foci share the same x-coordinate. So since the

center is (u, v), and the focal distance is ¢, the two foci are (u, v + ¢) and (u, v — ¢).
Also, since J is vertical, the center and the vertices share the same x-coordinate, too. So
since the major radius, that is, the semi major axis is b, and the center is (#, v), the two

vertices are (u, v + b) and (u, v — b).

So for instance, putting a vertical hyperbola in an equation, we can get this:

W= _(x-6 __
32 42 .

What hyperbola then is it?

If N is the hyperbola above, NV is centered at (6, 1), and is vertical, so the transverse axis
is parallel to the y-axis, and is 6, and the conjugate axis is 8.

And assuming c is the focal distance, we get =0+ a’, where b =3, and a = 4, where
b is half the transverse axis, and a is half the conjugate axis. So the focal distance is 5.
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And since the center is (6, 1), the two asymptotes are y — 1 = i% (x—6).

. . . . b 9
Also, since the center is (6, 1), the two directrices are y =+ —+v = i§+ 1.
e
Next, since the hyperbola /V is vertical, the center and foci share the same x-coordinate.

So since the center is (5, 1), and the focal distance is 5, the two foci are (6, 6) and (6, -4).
Also, since NV is vertical, the center and the vertices share the same x-coordinate. So
since the center is (6, 1), and the semi major axis, that is, half the transverse axis is 3, the
two vertices are (6, 3 + 1) and (6, -3 + 1).

And we call all the equations above standard equations for hyperbolas, and the
hyperbolas above can be said to be perpendicular, because each main axis is
perpendicular to a coordinate axis.

What then about an equation that can indicate an hyperbola perpendicular or not?

Putting an hyperbola in such an equation, we can put it the way as follows.

ax* + by* + exy + ux + vy + w= 0, where 4ab < ¢*

Note that @ and b can be the same. And of course, a, b, ¢, u, v, and w are constant.
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Note however, for some values of the constants, the equation does not indicate an
hyperbola, even if 4ab < .

For instance, x> + 3y* + 4xy + 3x + 7y + 2 = 0 is not an equation of a hyperbola but an
equation of two lines. One is x + 3y + 1 =0, and the otherisx+y + 2 =0.

That’s because the expression x* + 3y* + 4xy + 3x + 7y + 2 can be factorized into the
product of the two expressions x +3y+1andx +y + 2.

That is to say that we cangetx2+3y2+4xy+3x+7y+2=(x+3y+ Dx+y+2)=0.
Sowecangetx+3y+1=0,orx+y+2=0.

And doing the factorization, we can take x* + 3y? + 4xy + 3x + 7y + 2 = 0 as a quadratic
equation with respect to x or y, and then, apply the quadratic formula.

What then, about an equation that is in the general form and indicates an hyperbola
perpendicular only?

Putting an hyperbola in such an equation, we can put it the way as follows.
ax® + by* + ux + vy + w= 0, where ab < 0

So the equation above indicates a hyperbola with a main axis perpendicular to the x-axis.
Notice that it does not have the xy-term, that is, cxy in the equation shown earlier.

Note however, for some values of the constants, the equation does not indicate a
hyperbola, even if ab < 0.

For instance, x* — y* — 2x + 2y — 1 = 0 and of course, x> — 9y* — 1 = 0 are hyperbola
equations, but x* — y* — 2x + 2y = 0 and x* — 9y* = 0 are not.

That’s because x* — 9y* = 0 = (x — 3y)(x + 3p) = 0 which indicates not a hyperbola but
two lines, one is x — 3y = 0, and the other is x + 3y = 0.

And next, moving on to the next equation, we get
oy x+2y=(F-2w) - (-2 =(F-2x+1-1)-( -2y +1-1)
=x-1'-(-1)'=0={x-1-@-DHx—-1+@-D}=(x-p(x+y-2)=0,

which indicates two lines, one is x — y = 0, and the otherisx +y -2 =0.
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So putting more specifically a perpendicular hyperbola in a general equation, we can put
it the way as follows.

ax2+by2+ux+vy+w=0,wherea>0,b>0,andbu2+av2¢4abw

That’s simply because, putting the equation into the sum of perfect squares, we get

ax* + by +ux+vy+tw=ax* +ux+ by +vy+w

2 2 2 2

—a(x* + 2 x)+ (Y = p)+w=a(x’ + 2 x+ - (Y oyt
(et by R A AR A Traye
2 v 2
=a(x+—) —+b —) - =0
( a) 1 (y Zb)
Uu \ % ”2 v2
sa(x+—)  +b(y+—) =—+——w=0.
R TS AT
2 2 2 2
Meanwhile, u_+v__w=bu rav 4abw‘
4a 4b 4ab
2 2 2 2
Sowe get Xy gz DA 2D o bu? +av® — dabw =0, for ab # 0.
4a 4b 4ab

Thus, we get bu* + av® # 4abw.
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